Published by Institute of Physics Publishing for SISSA/ISAS Received: May 15, 2003 Accepted: June 15, 2003

Solving loop equations by Hitchin systems via holography in large-N QCD_4

Marco Bochicchio

INFN Sezione di Roma, Dipartimento di Fisica, Universita’ di Roma ‘La Sapienza’ Piazzale Aldo Moro 2 , 00185 Roma, Italia E-mail: marco.bochicchio@roma1.infn.it

Abstract: For (planar) closed self-avoiding loops we construct a “holographic” map from the loop equations of large-N QCD_4 to an effective action defined over infinite rank Hitchin bundles. We compute the effective action in a closed form in terms of functional determinants. The construction works as follows. Large-N QCD_4 on T^2×T^2 (T^2×T^2_θ ) is equivalent by Eguchi-Kawai to a partially quenched (twisted) theory on T^2 described non-canonically by Hitchin pairs (A = A_zdz + A_{z̄}dz̄, Ψ = −iD_udz + iD̄_udz̄) with A transforming as a connection and Ψ as a Higgs field with respect to the gauge group on T^2. (Centrally extended) parabolic Hitchin bundles classify a dense set of orbits of pairs (A, Ψ = ψ + ψ̄) obtained as hyper-Kahler quotient by the action of the gauge group. We study the loop equations of the quenched (twisted) theory for the non-hermitean connection B = A + i(κψ + κ̄ψ̄); κ ≠ 0 and planar loops. We change variables in the loop equations from (centrally extended) parabolic Hitchin bundles to the corresponding (centrally extended) holomorphic (i.e. chiral) de Rham local systems. The key point is that the quantum contribution to the loop equations for the holomorphic de Rham local systems can be evaluated by residues in a certain regularization and turns out to depend on the loop orientation and self-intersection. The outcome is that, for self-avoiding loops, the original loop equations are implied by the critical equation of an effective action (the master equation) defined over the microcanonical ensemble of the inductive limit of finite dimensional gauge orbits in the quenched theory, or over infinite dimensional orbits, arising from a central extension of Hitchin bundles, in the twisted one. Finally, on the basis of the geometric Langlands correspondence, we propose a dual construction in which the moduli of Hitchin bundles are quantised and become differential operators. The loop equations are then implied by the condition that the master equation annihilates the vacuum and the master field is realized as an element of a quasi-conformal (vertex) algebra.

Keywords: Renormalization Group, 1/N Expansion, Differential and Algebraic Geometry, Non-Commutative Geometry.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep062003026 /jhep062003026 .pdf

Contents

1. Introduction 1

2. Loop equations: an algebraic detour 4

3. The microcanonical ensemble 11

4. Solving loop equations by Hitchin systems 14

5. The effective action of large-N QCD_4 and of its N = 1 extension 24

6. Loop equations and the geometric Langlands correspondence 30

7. Conclusions 32

A. Von Neumann algebras 33

B. Hitchin systems 36

C. Loop equations for QCD_2 38

D. Asymptotic freedom 43

1. Introduction

To say it in a nutshell, in this paper we construct an effective action whose critical points solve the loop equations [1, 2] of large-N QCD in four dimensions [3] for (planar) closed self-avoiding loops.

Being a functional over Hitchin systems [4, 5] (see appendix B), our effective action is, in a sense, the analogue for large-N QCD_4 of the Seiberg-Witten low energy effective action for the abelian branch of N = 2 SUSY gauge theories in four dimensions [6]. However, we should stress that our effective action is derived directly by the loop equations of the large-N pure gauge theory in four dimensions for (planar) closed self-avoiding loops, once carefully chosen variables are employed in the functional integral.

The effective action is derived via a “holographic” map [7]–[9], that allows us to map the loop equations, that live on the boundary, i.e. on the loops, into a master equation, that is the critical equation of an effective action defined on the bulk, i.e. on the space-time.

One key feature responsible for the existence of the “holographic” map is a “chiral” change of variables, that allows us to reduce the computation of the quantum contribution in the loop equations to the evaluation of a residue, that depends only on the loop orientation for self-avoiding loops.

– 1 –

Another important feature of our “holographic” map is that the residue, that arises from the contour integral along planar self-avoiding loops in the loop equations, is cancelled by a u(1) anomalous contribution from the “chiral” change of variables in the bulk, provided the conformal factor of the metric is suitably chosen.

Despite the holographic suggestions, in this introduction we would like to make contact with the concept of master field [10], that would occur as the solution of the master equation for our effective action, with special regard to some algebraic features that arose in the subject.

From a purely algebraic point of view, it is of the utmost importance that the algebra generated by the monodromy of the connection that solves the loop equations for closed self-avoiding loops be hyper-finite, i.e. be the weak limit of a sequence of finite dimensional von Neumann algebras (see appendix A), a property shared (trivially) by the algebra generated by the distribution of the eigenvalues that solves the large-N limit of some matrix models [11]. For the existence of an effective action defined over a hyper-finite algebra (a HF effective action in short) a crucial role is played by the condition that closed loops be self-avoiding in the loop equations. Indeed it has been known for some time that in the general case of arbitrary self-intersection, the ambient algebra, in which the connection that solves the loop equations lives, is (algebraically isomorphic to) a free group factor with an infinite number of generators (see appendix A), that is not a hyper-finite von Neumann algebra. The lack of hyper-finiteness seems to be one of the reasons that so far prevented an exact treatment of the general case.

The existence in large-N QCD_4 of a hyper-finite effective action for (planar) closed selfavoiding loops, as opposed to the general case, has a precise analogue in large-N QCD_2 that is explicitly solvable [12]. In the two dimensional case the von Neumann algebra generated by non-overlapping but self-intersecting loops at a point is precisely the free group factor with an infinite number of generators [13]–[16], a type II_1 non-hyper finite von Neumann algebra [16]. However functional techniques show that the master field, that solves the loop equations of large-N QCD_2 for closed self-avoiding loops, lives instead inside a commutative hyper-finite von Neumann algebra and indeed it can be determined by the distribution of the eigenvalues [17]. This fact suggested to the author to look for hyperfinite solutions of the loop equations for closed self-avoiding loops in the four dimensional case. In a sense this approach follows the original Witten proposal for the master field [10], that contained implicitly some kind of finite dimensional approximation property in the prescription of evaluating gauge invariants operators on the master field by means of the normalised approximately finite dimensional matrix trace lim_N^1_N Tr_N . In fact the existence of an approximately finite dimensional trace is weaker than hyper-finiteness but implies that the von Neumann algebra of the corresponding GNS representation is embeddable in the factor R^ω [18], the ultra power of the unique hyper-finite factor R (see appendix A).

The plan of the paper is the following one. Section 2 is an algebraic detour in which we recall some old and new ideas about the master field. Though it is not strictly necessary for the rest of the paper it helps to put section 3 and section 4 in the proper algebraic perspective. We make also some comment on the physical meaning of restricting to closed self-avoiding loops. In addition in section 2 we recall the quenched [19, 20] and twisted [21]

– 2 –

Eguchi-Kawai (EK) [19] reductions that are known to be equivalent to the large-N limit of QCD. The quenched and twisted theories that we refer to are the continuum version of their original lattice formulation [19, 22, 23]. A partially quenched [24] or twisted theory [21] is used in this paper as a technical tool to embed an inductive sequence of finite dimensional Hitchin systems into the QCD_4 functional integral.

Section 3 contains a first change of variables, from the gauge connection to the moduli fields of finite dimensional gauge orbits obtained by hyper-Kahler [4, 25] reduction in a partially quenched Eguchi-Kawai model or to the moduli fields of the hyper-Kahler reduction of a certain infinite dimensional central extension of Hitchin systems in the twisted case. In this section the functional integral is represented as an integral over the (energy) levels of the microcanonical ensemble for the action of the local gauge group. However an effective action on the gauge orbits, that turn out to be Hitchin systems (or an infinite dimensional central extension of, in the twisted case), cannot be derived by the loop equations for these variables yet.

In section 4 the effective action is constructed by means of a further change of variables, from the moduli fields of the orbits of the SU(N) gauge group to the moduli fields of the corresponding holomorphic (see appendix B) de Rham local system (or a central extension of).

Objects related to the holomorphic de Rham local system have been introduced under the name of opers by Beilinson and Drinfeld in their study of the geometric Langlands correspondence [26](opers will play a role in section 6, after quantising Hitchin systems as an alternative tool to solve the loop equations). The construction of the effective action involves a de Rham local system for a partially quenched or twisted Eguchi-Kawai model. Hyper-finiteness is shown essentially by construction in the quenched version, while it follows with little more effort in the twisted theory, since in this case the gauge algebra has to be defined from start on an infinite dimensional Hilbert space and only later on approximated by compressions that define finite dimensional representations of the fundamental group. In any case hyper-finiteness should hold also in the twisted theory, at least because of the equivalence of the quenched and twisted theories in the large-N limit.

In section 5 the effective action is computed in terms of functional determinants. The effective action is the sum of three terms. The first one is the classical action of the EK partially quenched or twisted model. The second one is the logarithm of a functional determinant that arises from localisation on the microcanonical ensemble. The third one is the logarithm of an “anomalous” jacobian that arises from the change of variables from the moduli of Hitchin systems to the moduli of the holomorphic (i.e. chiral) de Rham local systems. Despite the techniques employed in this paper are mostly based on two dimensional differential geometry, we find that the localisation determinant on the microcanonical ensemble of the Hitchin systems can be computed in a manifestly four dimensional euclidean (or Lorentz) invariant way. Remarkably we find that the first coefficient of the beta function is exactly reproduced, at lowest order in the expansion in powers of the moduli fields (that at lowest order coincides with the usual perturbative expansion), by the contribution of the localisation determinant in the master equation. It follows immediately that the techniques employed here apply also to the N = 1 super-symmetric extension of large-N

– 3 –

QCD_4 obtained adding to the pure gauge theory minimally coupled Majorana gluinos in the adjoint representation, since in this case the N = 1 effective action is obtained simply adding the logarithm of the fermion pfaffian to the effective action of the pure gauge theory.

In section 6, using ideas based on the geometric Langlands correspondence [26]–[32] (and references therein), we suggest another way of solving loop equations for closed selfavoiding loops by quantising Hitchin systems. In this last formulation, due to quantisation, hyper-finiteness of the ambient algebra may get lost, keeping nevertheless (quantum) integrability.

In this case the master field becomes an element of a quasi-conformal (vertex) algebra. This is very close to interpreting the master field as an element of a vertex algebra of a conformal field theory, as it would be required by the conjectured gauge-field/string duality [33, 34], but for the fact that our algebra is obtained first solving the Hitchin self-duality equations on a punctured torus and then quantising the resulting moduli space, while in the usual construction of conformal blocks first the space of two dimensional connections is quantised and then the quantised Hitchin equations are imposed as constraints on the space of physical states [35, 36].

Our conclusions are contained in section 7.

In appendix A we recall some elementary facts about von Neumann algebras, that may help to understand the revival of the algebraic approach to the master field.

In appendix B we remind the reader of several notions of geometrical nature, about Hitchin bundles, that are used in the paper.

In appendix C we compare our approach to the loop equations with Witten localisation formulas in QCD_2 [37]–[40].

In appendix D we compute, in a manifestly euclidean (or Lorentz) invariant way, the divergences of the localisation determinant at lowest order in the expansion in powers of the moduli fields.

2. Loop equations: an algebraic detour

Recently there has been a revival of applications of ideas in the theory of von Neumann algebras (for a comprehensive review see [41]) to field theory, in particular to the large- N limit (see for a recent review [42]). We regard the large-N limit as defined by the loop equations [1, 2], that are the Schwinger-Dyson equations in the large-N limit for the expectation values of traces of Wilson loops in gauge theories or for a complete set of gauge invariant operators in other theories (i.e. matrix models). They are obtained noticing that the integral of a derivative vanishes: 0 = ∫ DA_μ Tr δ δA_ν (z) ( exp ( − N 4λ ∫ Tr F^2_{μν} d^4x ) Ψ(x, x; A) )

= ∫ DA_μ exp ( − N 4λ ∫ Tr F^2_{μν} d^4x ) × (2.1) × ( N λ Tr(D_μF_{μν} (z)Ψ(x, x; A)) + i ∫ C(x,x) dy_ν δ^{(d)}(z − y) Tr(λ^aΨ(x, y; A)λ^aΨ(y, x; A)) ) ,

– 4 – where the sum over the index a is understood. Here λ^a are hermitean generators of the Lie algebra and Ψ(x, y; A) = P exp i ∫ C_{(x,y)} A_μdx_μ (2.2)

Ψ(x, x; A) is the monodromy matrix of the connection A_μ along the closed loop C(x, x) based at the point x, i.e. Ψ(x, x; A) is the Wilson loop. For the group SU(N) using the identity: λ^a_{αβ}λ^a_{γδ} = δ_{αδ}δ_{βγ} − 1 N δ_{αβ} δ_{γδ} (2.3)

we get: 0 = ∫ DA_μ exp ( − N 4λ ∫ Tr F^2_{μν} d^4x ) × × ( N λ Tr(D_μF_{μν} (z)Ψ(x, x; A)) + (2.4) + i ∫ C(x,x) dy_ν δ^{(d)}(z−y) ( Tr(Ψ(x, y; A))Tr(Ψ(y, x; A))− 1 N Tr(Ψ(x, y; A)Ψ(y, x; A)) )) , where the last term may be disregarded in the large-N limit. The second term is the quantum contribution to loop equations, while the first term is the classical one. Thus, using the factorisation of gauge invariant operators in the large-N limit and noticing that the expectation value can be combined with the matrix trace to define a new generalised trace τ, our problem is to find a (unique) solution A_μ(x) to 0 = 1 λ τ(D_μF_{μν} (z)Ψ(x, x; A)) + + i ∫ C(x,x) dy_ν δ^{(d)}(z − y)τ(Ψ(x, y; A))τ(Ψ(y, x; A)) (2.5)

for every closed contour C, with values in a certain operator algebra with normalised (τ(1) = 1) trace τ [13]–[15]. Such a solution is named the master field [10]. The recent revival concerns the precise identification of the algebra and the trace relevant for the large-N limit of field theories [13]–[15]. Operator algebras have already played some role in the early days of constructive field theory, but they have been later abandoned in favour of functional integral techniques as soon as it became clear that the algebra of a single euclidean scalar field is commutative. In our case however the algebra of euclidean matrix fields in the large-N limit is highly non commutative.

The recent interest in the interplay between the theory of von Neumann algebras and the large-N limit was driven on the mathematical side by Voiculescu use [16] of large-N matrix models as a tool in the study of non hyper-finite von Neumann algebras, in particular of the “elusive” free group factors that are left out by Connes [41] algebraic classification of all hyper-finite factors (see appendix A). On the physical side, after Singer suggestion [44] that type II_1 representations of Voiculescu free group factors are the relevant ones for the study of the large-N limit, several old and new results about the master field have been interpreted in the light of the theory of von Neumann algebras [13]–[15]. These investigations culminated with the precise identification of the ambient algebra and the trace for all

– 5 – matrix models in the large-N limit, at least to all orders in the planar perturbation theory [13]–[15]. In this section we recall some old and recent ideas about the master field, interpreting them from the more recent algebraic point of view (see [42] for a review). Though this is possibly historically incorrect, it is useful for our purposes. After the discovery of large-N factorisation [43] of gauge invariant local operators, Witten suggested that the large-N limit could be understood as localisation of the functional integral on a unique gauge orbit, the master orbit, on which gauge invariant operators should be evaluated by means of the usual normalised matrix trace in the large-N limit [10]. In the retrospect we observe that the use of this matrix trace is tantamount to postulating that the von Neumann algebra generated by the master field is of type II_1 [44] and admits an approximately finite dimensional trace, in particular is embeddable into R^ω, the ultra product of the unique hyper-finite factor R. If in addition the trace is uniformly approximately finite dimensional the associated GNS representation is hyper-finite (HF) (see appendix A) [18]. While the aim of this paper is to find observables in large-N QCD_4 for which the original Witten idea of a possibly hyper-finite master field can be concretely realized, in general the hyper-finiteness condition turned out too much restrictive, even in the case of the large-N limit of a free scalar field [45]. Haan [46] discovered that the von Neumann algebra of the master field for a free scalar field was the Cuntz algebra with an infinite number of generators (though he did not give it this name). Haan found the following representation for the master field of a free scalar field in the large-N limit: ϕ(x) = ∫ a(p) exp(ipx) + a(p)^∗ exp(−ipx)dp (2.6)

with the operators a(p) and a(p)^∗ satisfying:

a(p)a(q)^∗ = δ^{(d)}(p − q) a(p) | Ω⟩ = 0 , (2.7)

where | Ω⟩ is the vacuum state. In addition he found, on the basis of the large-N Schwinger- Dyson equations, that also in the interacting case of a scalar theory with quartic interaction (but in a way that trivially extends to any interaction) the ambient algebra of the master field was the vacuum (i.e. tracial) GNS representation of the Cuntz algebra. The Cuntz algebra in general is generated by the following creation and annihilation operators, that satisfy:

a_ia^∗_j = δ_{ij} 1 (2.8) and no other relation but the completeness condition: ∑ i a^∗_i a_i = 1 − P_Ω , (2.9)

where P_Ω is the orthogonal projector into the vacuum. A tracial representation is obtained requiring:

a_i | Ω⟩ = 0 , (2.10) where | Ω⟩ is the vacuum. After Voiculescu work we know that the algebra generated by the self-adjoint elements a^∗_i + a_i is a type II_1 algebra not hyper-finite for i ≥ 2. The

– 6 –

Cuntz algebra with more than one self-adjoint generator in its tracial representation is algebraically isomorphic to the free group factor with an equal number of generators, that was known already to von Neumann to be an example of a non-HF factor [41]. The occurrence of free group factors in the large-N limit of field theories is implicit in the work of [47] on the effective action of the large-N limit via the introduction of symbols that “neither commute nor anti-commute” (an informal definition of a free algebra) and in a way or another enters (implicitly) most of the subsequent developments (for example in the use of the loop algebra [48, 49]) until it has been made explicit in the work of [13]–[15] through the introduction of the Cuntz algebra as the ambient algebra for the master field.

In particular in [13]–[15] it is proved, to every order in planar perturbation theory, that the master algebra is a sub-algebra of the Cuntz algebra generated by the following elements:

M_μ = a^∗_μ + M_{μν} a_ν + M_{μνρ}a_ν a_ρ + · · · , (2.11) where M_{...} are the planar correlation functions, so that the knowledge of the master field is in fact equivalent to the knowledge of the solution of the planar limit. To summarise, we know that the master algebra of a large-N free field is a non-HF Cuntz algebra and that the master algebra of an interacting large-N matrix model is a sub-algebra of the Cuntz algebra, probably non-HF too. However in some very special cases, such as the one-matrix model [11], traces of local operators can be reconstructed by of the distribution of the eigenvalues, that generates an abelian HF algebra (in fact in this case the master algebra is the commutative von Neumann algebra generated by M_μ for just one μ). In this case HF does not come as a surprise, since a commutative C^∗-algebra is of type I and therefore HF (see appendix A). We regard the lack of HF in the general case as the most disappointing, making difficult any progress in finding exact solutions of the loop equations (unless, perhaps, some kind of exact integrability is present). In this paper we renounce to attempt a solution of the large-N limit for all observables, but rather we concentrate on those physically relevant observables for which a HF solution may exist. In this search we use as a guide the important example of large-N QCD_2 that is explicitly solvable [12]. For QCD_2 a gauge exists in which the theory is gaussian, so that the master algebra is generated by the Cuntz algebra in that gauge [13]–[15]. In addition the algebra generated by Wilson loops based at a point is the free group factor with an infinite number of generators, one for each simple loop, i.e. non overlapping self-intersecting loop at a base point [14]. This can be proved noticing [14] that the iterative solution of the Migdal-Makeenko equations with respect to the number of self-intersections coincides with the iterative equation associated to a Voiculescu free family of non-commutative random variables [16], i.e.:

⟨(W (A_1) − ⟨W (A_1)⟩) · · · (W (A_n) − ⟨W (A_n)⟩)⟩ = 0 . (2.12)

This provides iterative equations for the expectation values of products of n random variables in terms of expectation values of a lower number of variables. The entire family is thus determined by the expectation values of self-avoiding loops. For each simple loop of area A_k it is possible to give an explicit unitary master field in terms of the Cuntz algebra [14]: W (A_k) = exp(i √ A_k(a_k + a^∗_k)) . (2.13)

– 7 –

However the expectation value of a closed self-avoiding Wilson loop on a large sphere can be computed by means of the distribution of the eigenvalues and as such admits a master field that generates a commutative HF algebra, as the master field of the one-matrix model. Indeed, on a sphere of large area, the average of a Wilson loop of area A is given by [50]:

W (A) = Z^{−1} ∫ ∏ dθ_i ∏ i≠j (θ_i − θ_j ) exp ( − N 2A ∑ i θ^2_i ) × ∑ i N^{−1}cosθ_i , (2.14)

where: Z = ∫ ∏ dθ_i ∏ i≠j (θ_i − θ_j) exp ( − N 2A ∑ i θ^2_i ) . (2.15)

In the large-N limit the distribution of the eigenvalues is determined by the saddle-point equation: N 2A θ_i = ∑ j≠i 1 (θ_i − θ_j)

. (2.16)

In section 4 we will see that the existence of HF solutions of the loop equations is somehow linked to the condition of non self-intersection. But even in this case, considerable difficulties arise when a “simple” (i.e. not living in a free group algebra) solution of the loop equations is attempted. Indeed for a closed self-avoiding loop based at x the loop equations degenerate into: 0 = ∫ DA_μ exp ( − N 4λ ∫ Tr F^2_{μν} d^4x ) × × Tr (( N λ D_μF_{μν} (x) + i ∫ C(x,x) dy_ν δ^{(d)}(x − y) Tr(1) ) Ψ(x, x; A) ) . (2.17)

We see therefore that, despite the equations have been ”linearised” in such a way that the classical and quantum terms have the same operator structure, the quantum contribution has still a different functional dependence on the loop C from the classical term, because the distribution: i ∫ C(x,x) dy_ν δ^{(d)}(x − y) (2.18)

is obviously loop dependent. This is even more manifest writing the loop equations for self-avoiding loops in the Migdal-Makeenko form [1, 2]:

0 = ∂_μ(x) δ⟨Tr Ψ(x, x; C)⟩ δσ_{μν} (x) + ∫ C(x,x) dy_ν δ^{(d)}(x − y) Tr(1)⟨Tr Ψ(x, x; C)⟩ . (2.19)

Somehow anticipating the result of section 4 we will manage to change variables in the loop equations in such a way that in the new variables the corresponding distribution in the quantum contribution will be loop independent for self-avoiding loops. This will open the way to find an equivalent effective action.

Since we want to solve loop equations only for closed self-avoiding loops we wonder how much physical information is lost by this restriction. Obviously we can reconstruct by

– 8 – such loops the string tension at large distances and the running of the coupling constant at short distances. The next problem is the spectral information, i.e. the meson or the glueball spectrum. This turns out to be dependent on the dimension of space-time. Essentially, for the meson spectrum, we want to compute the Dirac propagator in the background of the master field. By employing a path integral representation for the propagator, we represent it as an average over Wilson loops computed along brownian paths (for a recent use of this representation in the framework of the large-N limit of QCD see [51, 52]). Now in d = 2 brownian paths self-intersect any number of times with probability one, while in d = 4 they are self-avoiding with probability one (see for example [53]). Therefore in d = 4 the spectral information is contained in self-avoiding loops. An analogous argument holds for the glueball spectrum. We should mention that the construction of the effective action that we present in this paper holds only for planar loops, while in general to reconstruct the meson or the glueball spectrum we would need also non-planar ones. Since, however, every loop can be made to lie on a surface, we think that our construction can be extended to the general case at the price of making the geometry more involved, though this will not be attempted in this paper. We end this section recalling the EK reduction [19], that plays a significant role in our approach to the loop equations. The quenched EK reduction [19, 20] is essentially a way of constructing a theory with the same master field, i.e. the same large-N loop equations, but with fluctuations reduced by a factor of N^{−1}. In the process space-time degrees of freedom are reduced to lower, eventually zero dimensions. The partition function of the quenched EK model is given by: Z = lim_{N→∞} ∫ dA^{ch}_μ exp ( N(2π)^d 4λΛ^d Tr[p_μ + A^{ch}_μ , p_ν + A^{ch}_ν ]^2 ) , (2.20)

where the integration is now over charged constant N ×N matrices A^{ch}_μ and p_μ are diagonal matrices with uniform distribution of eigenvalues, i.e. p_μ are the quenched momenta. In the Eguchi-Kawai quenched prescription the volume of the phase space divided by (2π)^d is assumed to scale as N according to (2π)^{−d}Λ^dV = N in such a way that the action is effectively rescaled by a factor of N in order to compensate for a reduction of a factor of N in the entropy of the functional integration, that now is only over constant matrices. One way of seeing that the EK model is equivalent to the large-N limit of QCD is to look at its loop equations: 0 = ∫ dA^{ch}_μ exp ( N(2π)^d 4λΛ^d Tr[p_μ + A^{ch}_μ , p_ν + A^{ch}_ν ]^2 ) × × ( N λ Tr ( [p_μ + A^{ch}_μ , [p_μ + A^{ch}_μ , p_ν + A_ν ]]Ψ(x, x; A) ) −

− i ∫ C(x,x) dy_ν Λ^d (2π)^d

Tr(Ψ(x, y; A)) Tr(Ψ(y, x; A)) ) . (2.21)

Provided that the coupling constant was rescaled as in eq. (2.20), these are the same loop equations as for large-N continuum QCD, but for the fact that there is no delta function in the quantum contribution, since in the reduced model we are integrating over constant

– 9 – matrices. Therefore the loop equations of the reduced EK model coincide with the ones of the un-reduced theory provided the trace of open loop vanishes, that is a way of reproducing the delta function. This is ensured by the global R^d symmetry (if it remains unbroken) (see [42]):

A_μ → p_μ1 + A_μ (2.22)

that implies: 1 N ⟨Tr(Ψ(x, y; A))⟩ = exp(ip(x − y)) ⟨ 1 N Tr(Ψ(x, y; A)) ⟩ . (2.23)

In fact the quenching prescription was introduced precisely for this aim. A variant of the quenched EK model is the twisted model [21]: Z = ∫ dA_μ exp ( N 4λ Tr[Γ_μ + A_μ, Γ_ν + A_ν ]^2 ) , (2.24)

where Γ_μ are (unbounded) self-adjoint operators acting on an infinite dimensional Hilbert space satisfying:

[Γ_μ, Γ_ν ] = i(θ^{−1})_{μν} 1 (2.25)

with (θ^{−1})_{μν} vanishing in the large-N limit. In modern language the twisted model is a gauge theory defined over the non-commutative euclidean space:

[x_μ, x_ν ] = iθ_{μν} 1 . (2.26)

The non-commutative Yang-Mills theory (for a review see [54]) equivalent to the twisted model is obtained working with commuting coordinates and replacing the ordinary product between functions with the Moyal star product defined by:

f(x) ⋆ g(x) = exp ( iθ_{μν} ∂ ∂y_μ ∂ ∂z_ν ) f(x + y)g(x + z) |_{y=z=0} . (2.27)

Thus the partition function of the twisted theory can be re-casted into its non-commutative form, that looks like a matrix model: Z = ∫ dA_μ exp ( − N 4λ Tr(i[C_μ, C_ν ] − (θ^{−1})_{μν} )^2 ) , (2.28)

where C_μ = (−iθ^{−1})_{μν} x_ν + iA_μ and the product is the Moyal product. The loop equations of the non-commutative theory [55, 56] differ from those of the commutative theory for the need of taking an integral over the base-point of the Wilson loop, in order to get gauge invariant quantities, since the trace now includes integration over the base point of the Wilson loop. However, after taking the expectation value, the trace of Wilson loops is proportional to the volume of space-time, because of translational invariance, so that we get a normalised trace dividing by the volume. In the θ_{μν} → ∞ limit the loop equations of the non-commutative theory (for any positive N, even N = 1) coincide with the ones of the large-N commutative theory.

– 10 –

3. The microcanonical ensemble

It is quite well known that every euclidean field theory can be thought as the partition function of a system of classical statistical mechanics in which the coupling constant squared is identified with the classical temperature (see for example [57]). Following this interpretation the euclidean functional integral: ∫ exp ( − 1 λ S(A) ) DA (3.1)

looks like the classical partition function: ∫ exp(−βH(p, q))dpdq . (3.2) The second integral has an obvious representation as an integral over the energy levels of the microcanonical ensemble (see for example [58]): ∫ exp(−βH(p, q))dpdq = ∫ exp(−βE)δ(H(p, q) − E)dpdqdE = ∫ exp(−βE) Det(∇H)^{−1}dE . (3.3)

The aim of this section is to find an analogous representation for the partition function of QCD_4. The motivation is the following one. The original Witten proposal for the master field can be interpreted as a sort of localisation of the functional integral at large-N on a certain microcanonical ensemble specified by the set of parameters that describe the master gauge orbit. It is therefore natural to classify explicitly gauge orbits. According to the discussion in section 2 we assume that the relevant gauge orbits are those of hyper-finite type, i.e. those which can be obtained as limits of finite dimensional orbits. In section 4 we will inquire whether and to what extent localisation on this microcanonical ensemble is consistent with the loop equations. In this section we simply define the microcanonical ensemble. Following our microcanonical analogy it is clear that the role of the energy should be played by a set of levels of the hamiltonians that parameterise the gauge orbits. The levels will be therefore part of the moduli of the orbits. In addition, since the gauge group acts locally, the moduli will be moduli fields. The representation that we are going to find is an identity as it is eq. (3.3) and there is a priori no guarantee that it will help us to derive an effective action defined over the microcanonical ensemble from the loop equations. Indeed it is still necessary to functionally integrate over the moduli fields, whose fluctuations a priori will contribute loop dependent quantum terms in the loop equations, as it happens for the original integration variables, i.e. the gauge connection. In the next section we will show that an effective action exists for (planar) closed self-avoiding loops, provided we make a further change of variables from the levels of the hamiltonians to the moduli of the associated holomorphic de Rham local system and we allow a central extension in the defining equations of the microcanonical ensemble. The existence of the central extension does not spoil the hyper-finiteness property in the case of the partially quenched Eguchi- Kawai model, but HF is less obvious in the twisted theory since in this case gauge orbits

– 11 – have to be infinite dimensional from start. However the HF property should be kept also in this case, since the quenched and twisted models are equivalent in the large-N limit, though we will not provide any direct proof of it. Following our statistical-mechanical analogy we want to think the euclidean functional integral as an integral over the phase space rather than the configuration space. DA should be therefore a Liouville measure associated to some symplectic structure. Since our functional integral has a four dimensional nature it turns out that the Liouville measure DA is the volume form associated to three different symplectic forms: ω_K and ω_C (ω_C is complex, so that its real and imaginary parts provide two real symplectic forms):

ω_K = ∫ d^4x Tr(δA_z ∧ δA_{z̄} + δA_u ∧ δA_ū)

ω_C = ∫ d^4x Tr(δA_z ∧ δA_ū) . (3.4)

In fact the space of four dimensional connections can be thought of as an infinite dimensional affine hyper-Kahler manifold. For technical reasons that will be evident in section 4 we need a reduction of the structure (gauge) group from four to two dimensions. This is not restrictive in the large-N limit since it is known by Eguchi-Kawai that the theory can be reduced by quenching or twisting even to zero dimension keeping the same large-N limit. After the partial quenching (twisting) mentioned before, two components of the original connection still transform as a connection under the two dimensional structure group while the other two components transform as a Higgs field. We notice that the identification of two components of the gauge connection with the Higgs field is not canonical, i.e. coordinate independent. However in the case of QCD_4 we have a preferred choice of coordinates that corresponds to a flat metric on T^2 × T^2 or better to a conformally flat metric, since the classical theory is conformally invariant in four dimensions. Our symplectic space can be now identified (non-canonically, i.e. in a coordinate dependent way) with the cotangent bundle of two dimensional connections, whose coordinates are the pairs (A = A_zdz + A_{z̄}dz̄, Ψ = Ψ_zdz + Ψ_{z̄}dz̄). More precisely in the partially quenched theory we have the identifications:

Ψ_z = −iD_u = −i(∂_u + iA_u) = p_u + A^{ch}_u Ψ_{z̄} = iD̄_u = i(∂_ū − iA_ū) = p_ū + A^{ch}_ū (3.5)

while in the partially twisted theory we have:

Ψ_z = Γ_u + A_u Ψ_{z̄} = Γ_ū + A_ū (3.6)

with the other two components of the gauge connection remaining the same in both cases. Let us notice that we have used the quenching prescription to identify covariant derivatives with the Higgs field in the quenched theory and the twisting prescription for the analogous identification in the twisted theory. On the cotangent bundle the gauge transformations act by hamiltonian vector fields with respect to each of the symplectic structures [4, 25].

– 12 –

The gauge orbits of the hyper-Kahler reduction are classified by the set of levels of the moment maps (the hamiltonians) for the action of the gauge group, one for each of the three symplectic structures:

F_A − iΨ^2 = μ^0 ¯∂_Aψ = n ∂_Aψ̄ = n̄ (3.7)

with μ^0 hermitean and n with values in sl(N). Therefore the partially quenched EK model admits a stratification by the following microcanonical ensemble: Z = ∫ DADΨDμ^0DnDn̄ exp(−S_{EK} )δ(F_A − iΨ^2 − μ^0)δ( ¯∂_Aψ − n)δ(∂_Aψ̄ − n̄) , (3.8) where the obvious resolution of identity has been inserted. This equation has a meaning for every finite N in the quenched EK model, since the identification in eq. (3.5) has a meaning at the level of finite matrices. For the twisted model the preceding equations have to be modified because of the non-trivial commutator:

[Γ_u, Γ_ū] = θ^{−1}1 (3.9)

that requires in addition that the gauge orbits be infinite dimensional even before taking the large-N limit. In this case our microcanonical ensemble is given by:

F_A − iΨ^2 = μ^0 + θ^{−1}1 ¯∂_Aψ = n ∂_Aψ̄ = n̄ (3.10)

modulo gauge transformations, so that a central extension has been introduced in the hermitean moment map. From eq. (3.10) the microcanonical stratification for the partially twisted theory follows: Z = ∫ DADΨDμ^0DnDn̄ exp(−S_{T W} )δ(F_A −iΨ^2 −μ^0 −θ^{−1}1)δ( ¯∂_Aψ−n)δ(∂_Aψ̄−n̄) (3.11) The symplectic reduction in eq. (3.7) and (3.10) and the associated stratification of the functional integral are somehow formal, unless the structure of the moduli fields is specified. In general, if we require that the symplectic reduction be associated to a good moduli problem, i.e. separable, the moduli fields must be taken as a linear combination of delta functions, in order that the corresponding flatness condition defines a (possibly projective) representation of the fundamental group of the punctured torus (see appendix B). Despite this restriction, these moduli fields are dense in the sense of the distributions in the functional integral, that is all that we need to define it.

In section 4 we will see that the existence of punctures, i.e. of a boundary in our spacetime torus, has a more fundamental meaning to solve loop equations than it seems from the definition of the microcanonical ensemble given here. We would like to terminate this

– 13 – section writing the resolution of identity associated to the microcanonical ensemble in a way that makes manifest its four dimensional euclidean (or Lorentz) covariant nature: Z = ∫ DA_μDμ^−_{μν} exp(−S_{YM})δ(F^−_{μν} (A) − μ^−_{μν} − (θ^{−1})^−_{μν} 1) , (3.12)

where the^− superscript refers to the projection into the anti-selfdual part of an antisymmetric tensor. In eq. (3.12) we have written the resolution of identity of the twisted model, but the one of the quenched model can be obtained simply setting (θ^{−1})^−_{μν} = 0 and interpreting covariant derivatives appropriately. In section 5 we will make use of this representation to get an explicit euclidean (or Lorentz) invariant form of the localisation integral.

4. Solving loop equations by Hitchin systems

In this section we consider loop equations for the connection B = A + iΨ in the partially quenched or twisted model. The advantage of using B as opposed to A_μ resides in the fact that planar loops for B generate a complete set of gauge invariant observables. The disvantage consists in the fact that B is not hermitean so that Ψ(x, x; B) is not unitary in general. We will see later on under which conditions planar unitary monodromies, i.e. Ψ(x, x; A), can be obtained directly from Ψ(x, x; B). The loop equations for B read:

0 = ∫ DB_α exp(−S_{YM}) ( Tr ( δS_{YM} δB_α(z) Ψ(x, x; B) ) − (4.1)

− i ∫ C(x,x) dy_αδ^{(2)}(z − y) Tr(Ψ(x, y; B)) Tr(Ψ(y, x; B)) )

with α = 1, 2, so that in these variables they are as difficult to solve as for the original four dimensional connection A_μ. The quantum contribution in general is loop dependent and this dependence is an obstruction to the existence of a conventional (hyper-finite?) effective action (we take the point of view that an effective action defined directly in loop space [48, 49], from which the loop equations may be derived as critical equations, probably would not be hyper-finite).

After implementing in the functional integral the resolution of identity by means of the gauge orbits of the microcanonical ensemble of section 3, we change variables in the loop equations from Hitchin bundles to the corresponding holomorphic de Rham local system (see appendix B). In [59] an analogous change of variables, from the Hitchin system to the action-angle variables of the Hitchin fibration of the corresponding Dolbeault moduli space (see appendix B), was proposed on the basis of energy/entropy considerations.

Our basic philosophy consists in changing variables in such a way that the quantum contribution may be computed explicitly by evaluating a residue that depends only on the topological class of the loop. It is well known by the Cauchy formula that the line integral along a closed loop of a holomorphic function times the Cauchy kernel with pole not lying

– 14 – on the loop depends only on the winding number of the loop around the pole and on the value of the holomorphic function at the pole of the Cauchy kernel: f(z)Ind_C (z) = 1 2πi ∫ C f(w) z − w dw , (4.2)

where Ind_C (z) is the winding number of C around z. The existence would become possible of an effective action, for loops in a certain topological class determined by the winding number, if only the Cauchy kernel could be generated by functionally differentiating the monodromy of the connection in the loop equations with respect to the integration variables in the functional integral. We have seen in section 2 that functional differentiation with respect to the gauge connection produces a delta function in the quantum contribution to the loop equations. The change of variables to the de Rham systems is thought in such a way that functional differentiation of the monodromy with respect to the moduli fields of the holomorphic de Rham local systems produces precisely the Cauchy kernel in the loop equations. However, even if we reduce the computation of the quantum contribution to the evaluation of a line integral of a Cauchy kernel, there are two obstructions for the residue theorem to apply. The first one is that the monodromy is not a holomorphic function of its endpoints. The second one is that gauge invariance requires that the functional derivative with respect to the integration variable be taken at a point of the loop, for the result to be non-vanishing, i.e at a singularity point of the Cauchy kernel. We will see below how each of these obstructions is the cure for the other one. After introducing the non-hermitean connection B = A + iΨ = b + b̄ the microcanonical representation of section 3 holds in the form: Z = ∫ δ(F_B − μ)δ(d^∗_AΨ − ν) exp(−S_{EK})DBDμDν , (4.3) where we have re-casted the microcanonical resolution of identity in a different, equivalent form (see appendix B), for later convenience, in order to compute the effective action (section 5). We now change variables from the Hitchin bundles to the holomorphic de Rham local systems (see appendix B), whose moduli are described by the field μ^′, obtained from the equation:

F_B − μ = 0 (4.4)

by means of a complexified gauge transformation G(x; B) that puts the connection B = b+b̄ in the holomorphic gauge b̄ = 0:

¯∂b − iμ^′ = 0 , (4.5)

where μ = μ^0 + (n − n̄) and μ^′ = GμG^{−1}. The partition function in terms of the moduli fields of the de Rham local system becomes: Z = ∫ δ(F_B − μ)δ(d^∗_AΨ − ν) exp(−S_{EK} )DB D(μ, ν) D(μ^′, μ̄^′) Dμ^′Dμ̄^′ . (4.6)

The integral over B can now be performed and the resulting functional determinants, together with the jacobian of the change of variables to the de Rham local system, absorbed into the definition of the effective action Γ. Γ will be written more explicitly in the next section in terms of these functional determinants. Let us notice that for computing functional

– 15 – determinants a choice of metric is necessary. The natural metric for us is the translational invariant metric on the torus exp(−ρ)dzdz̄ with the conformal factor constant. However the classical action, being conformally invariant, does not depend on the choice of ρ. Yet we will see below that our regularization of the quantum contribution to the loop equations will require to transform the metric by a conformal diffeomorphism. The partition function is now: Z = ∫ exp(−Γ)Dμ^′Dμ̄^′ . (4.7)

To realize our aim of getting the Cauchy kernel by functional differentiation with respect to the moduli fields of the de Rham local system it is convenient to study the loop equations for the Wilson loop constructed by the connection b, thought as a functional of B corresponding to gauge transforming B into the gauge b̄ = 0. Such a gauge transformation belongs to the complexification of the gauge group and it is rather a change of variables than a proper gauge transformation. However, because of the property of the trace, for closed loops, it preserves the trace of the monodromy. This will allow us, later in the course of our computations, to transform the loop equations thus obtained into equations for the monodromy of B. In our derivation of the loop equations, a crucial role is played by the condition that the expectation value of an open loop vanishes. For open loops constructed by means of the connection B this property follows directly from the local gauge invariance of the partially quenched or twisted EK model. However, the starting point in our case is the monodromy of the connection b, whose expectation value is also required to vanish for open loops. Yet, this condition does not follow from gauge invariance, since the change of variables to the de Rham local system (b̄ = 0) does not allow any residual local compact gauge freedom (unless perhaps we analytically continue to Minkowski spacetime, see below). We will present here two slightly different derivations of the effective action each based on a different way of achieving the vanishing of the expectation value of open b loops.

The most direct procedure consists in observing that in the partially quenched theory the vanishing of the expectation value of open b loops follows from the fact that the partial quenching is thought precisely to keep unbroken the R^2 symmetry B → B + i(p_udz + p_ūdz̄) and that in the gauge b̄ = 0 the R^2 symmetry is broken down to b → b + ip_udz. If this residual symmetry is unbroken, then the expectation value of the trace of open b loops vanishes because of the equation:

N^{−1}⟨Tr Ψ(z_1, z_2; b)⟩ = exp(p_u(z_1 − z_2)_z)N^{−1}⟨Tr Ψ(z_1, z_2; b)⟩ (4.8)

provided the normalised trace stays uniformly bounded in the large-N limit. To be precise, this holds only for loops that are open once projected on the z direction, because the R^2 symmetry is partially broken to b → b + ip_udz. However this weaker property is all that is needed in our loop equations. In the other proof of the loop equations that we propose below, the assumption of uniform boundness is not necessary and the vanishing of the expectation values of open b loops holds without further specifications. We may thus

– 16 – derive our loop equations in the partially quenched theory: 0 = ∫ Dμ^′Dμ̄^′ Tr δ δμ^′(w) (exp(−Γ)Ψ(x, x; b)) = ∫ Dμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ^′(w) Ψ(x, x; b) ) +

+ ∫ C(x,x) dy_z ¯∂^{−1}(w − y) Tr(λ^aΨ(x, y; b)λ^aΨ(y, x; b)) )

= ∫ Dμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ^′(w) Ψ(x, x; b) ) + + ∫ C(x,x) dy_z ¯∂^{−1}(w − y) ( Tr(Ψ(x, y; b)) Tr(Ψ(y, x; b)) −

− 1 N Tr(Ψ(x, y; b)Ψ(y, x; b)) )) (4.9)

that in the large-N limit reduce to: 0 = ∫ Dμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ^′(w) Ψ(x, x; b) ) +

+ ∫ C(x,x) dy_z ¯∂^{−1}(w − y) Tr(Ψ(x, y; b)) Tr(Ψ(y, x; b)) ) . (4.10)

The most interesting case is when w lies on the loop C, because the loop equations can be transformed easily into an equation for B. However in this case the contour integration includes the pole of the Cauchy kernel. We need therefore a gauge invariant regularization. Before doing so it is convenient to make a conformal diffeomorphism to put the contour integral in standard form. We wish to do that because, when we regularize the theory, we require a loop-independent universal regularization. Hence it is natural to use the uniformization theory of Riemann surfaces with a boundary. It is not restrictive to take w as the base point of the loop. For every simple loop (i.e. non-overlapping, self-intersecting only at the base point) we make a conformal transformation that maps each petal into a disk and then each disk into the upper half-plane. Each petal of the loop is then mapped into a copy of the upper half plane and the boundary identified with the x-axis. Let t be the local coordinate on the upper half-plane corresponding to this conformal transformation. Obviously t depends on C and the microcanonical resolution of the identity in the functional integral, once written in term of t, depends on C too. The loop equations in the variables associated to the coordinate t look like the ones in the original global coordinate on the torus z. Therefore we get: 0 = ∫ Dμ^′_{tt̄}Dμ̄^′_{tt̄} exp(−Γ) ( Tr ( δΓ δμ^′_{tt̄}(w) Ψ(x, x; b) ) +

+ ∫ C(x,x) dy_t ¯∂^{−1}(w − y) Tr(Ψ(x, y; b)) Tr(Ψ(y, x; b)) ) (4.11)

– 17 – with the important difference that the contour integral is now restricted to the real axis and that the metric needed to define the functional determinants in Γ is the conformally transformed metric exp(−ρ)dtd̄t = exp(−ρ)|^{∂t}_{∂z} |^2dzdz̄. In d = 4 it is expected that this conformal transformation will affect the effective action only through its dependence on the conformal anomaly [60]. A natural regularization of the quantum contribution to the loop equations is a iϵ regularization of the Cauchy kernel. This is the most natural among any other possible regularization in euclidean space, since it is in fact compatible with the analytic continuation to Minkowski space-time, that manifestly preserves gauge invariance. The idea that Feynmann diagrams in two dimensions could be regularized by analytical continuation to Minkowski space-time in certain cases is contained in [57]. A master field living in the Cuntz algebra in Minkowski space-time has been constructed in general, and in particular for Yang-Mills theories, in [61]. The result of the iϵ regularization is the sum of two distributions, the principal part plus a one dimensional delta function:

¯∂^{−1}(w_x − y_x + iϵ) = (2π)^{−1}(P (w_x − y_x)^{−1} − iπδ(w_x − y_x)) . (4.12)

The loop equations thus regularized look like: 0 = ∫ Dμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ^′(w) Ψ(x, x; b) ) + + ∫ C(x,x) dy_x(2π)^{−1}(P (w_x − y_x)^{−1} − iπδ(w_x − y_x)) ×

× Tr(Ψ(x, y; b)) Tr(Ψ(y, x; b)) ) , (4.13)

where we are omitting the t under-script. Being supported on open loops the principal part does not contribute and the loop equations reduce to: 0 = ∫ Dμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ^′(w) Ψ(x, x; b) ) −

− ∫ C(x,x) dy_x i 2 δ(w_x − y_x) Tr(Ψ(x, y; b)) Tr(Ψ(y, x; b)) ) . (4.14)

Taking w = x and using the gauge transformation properties of the b monodromy and of μ(x)^′, the preceding equation can be rewritten in terms of the connection B and the moduli fields μ: 0 = ∫ Dμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ(x) Ψ(x, x; B) ) −

− ∫ C(x,x) dy_x i 2 δ(x_x − y_x) Tr(Ψ(x, y; B)) Tr(Ψ(y, x; B)) ) , (4.15)

where we have used the condition that the trace of open loops vanishes to substitute the b monodromy with the B monodromy. This is our final form of the regularized euclidean

– 18 – loop equations. Let us notice that there is a sign ambiguity in the quantum contribution that depends on the choice of the sign of ϵ in the regulator or as to whether the conformal transformation is orientation preserving or orientation inverting. The occurrence of the factor of 1/2 seems to be related to the fact that the pole of the Cauchy kernel lies along the contour integral. If the contour integral were to include the pole inside the loop and the residue theorem to apply naively, the residue would be 1, while it would be 0 if the pole were outside the loop. Both choices however would violate gauge invariance.

For general self-intersection the euclidean loop equations reduce to (assuming the conformal map to be orientation preserving): 0 = ∫ Dμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ(x) Ψ(x, x; B) ) −

− i 2 ∑ (y;y=x) Ind_{C(x,y)} (y) Tr(Ψ(x, y; B)) Tr(Ψ(y, x; B)) ) . (4.16)

Because of the product of traces, in general the quantum contribution does not have the same operator structure as does the classical term and it is loop dependent. Therefore, in general, an effective action need not to exist as a functional over the microcanonical ensemble constructed by the inductive limit of finite dimensional orbits. However, for self-avoiding loops, one of the traces in the quantum contribution is just Tr(1) = N and there is only one term as for the classical contribution. It is now clear the role played by the absence of self-intersection for these variables associated to the de Rham system of the microcanonical ensemble. It is only in this case that the quantum contribution is proportional to the monodromy as is the classical term. In general we get a loop dependent factorized trace of monodromies, that cannot be re-absorbed into a redefinition of Γ.

The result is the following euclidean master equation for self-avoiding loops: 0 = ∫ Dμ^′Dμ̄^′ exp(−Γ) ( Tr (( δΓ δμ(x) − i 2 Ind_C (x) Tr(1) ) Ψ(x, x; B) )) (4.17)

that reduces to: 0 = δΓ δμ(x) − i 2 Ind_C (x) Tr(1) . (4.18)

The corresponding effective action is:

Γ_{eff} = Γ − ϵ(C) i 2 ∫ Tr μd^2x (4.19)

with ϵ(C) = +1 or −1. The two possible signs are due to the two possible orientations of the loop C. In addition there is a sign ambiguity due to the conventional choices that we made: the choice of regularization, i.e. iϵ versus −iϵ and the convention that the conformal map is orientation preserving. Remarkably the sign ambiguity in the euclidean loop equations corresponds in fact to physical equivalence. Indeed the quantum contribution is a θ-term with θ =^1_2 . Now, since ∫ Tr μd^2x represents the first Chern class, θ is defined modulo integers, so that for θ = 1/2 a change of sign does not change θ modulo 1. Had we

– 19 – regularized by analytical continuation to Minkowski space-time we would have obtained the same imaginary quantum contribution to the effective action, while the action Γ would have been Wick rotated by a factor of i. In any case we see that the quantum contribution for the de Rham system has produced a central extension in the master equation. This means in general, that even if we start with a microcanonical ensemble associated to sl(N) bundles, central directions in the moduli fields have to be included, otherwise the master equation cannot be satisfied. Hence, in the partially quenched model we have to extend our microcanonical ensemble from sl(N) to gl(N) and to allow a central extension in the hermitean moment map as follows:

F_A − iΨ^2 = μ^0 + c1 ¯∂_Aψ = n ∂_Aψ̄ = n̄ . (4.20)

After that the entire chain of derivations of this section can be consistently performed to arrive at the master equation. Yet, the occurrence of the θ-term in the effective action is not completely harmless, since it affects the topological sectors of the U(N) theory (see for example [62]). In fact, we will see in section 5 that the central term in Γ_{eff} is cancelled by a counter-term, that arises as a u(1)-anomaly in the jacobian of the “chiral” change of variables from the Hitchin to the holomorphic de Rham systems, after a finite conformal rescaling of the metric used to compute the functional determinants. The ”holographic” nature of our change of variables will be then completely manifest, in the sense that we are cancelling the quantum boundary contribution against one from the bulk, to obtain an effective action defined purely on the bulk.

Summarising, given a sequence of solutions of the master equation for any finite N, we have a sequence of solutions of the loop equations for finite N, up to terms vanishing in the large-N limit, corresponding to the omitted connected contribution. Therefore for N large but finite we have an approximation of the solution of the N = ∞ bare loop equations for planar self-avoiding loops with accuracy N^{−1}. The algebra generated by the monodromy of the master connection of the partially quenched EK model for any finite N is a matrix algebra, since the microcanonical ensemble defines a finite dimensional representation (of a central extension) of the fundamental group of a punctured torus. Obviously renormalization is necessary, since we have written the master equation for the bare master field, but in principle nothing forbids to perform it. Assuming convergence of the renormalised master monodromy as N goes to infinity, it follows the hyper-finiteness of the master algebra for planar closed self-avoiding B loops.

It is also clear that the twisted model leads to the same master equation, with the only difference that now the central extension is present from start and it is associated to an infinite dimensional projective representation of the fundamental group. To show hyper-finiteness also in the twisted case we must associate to this infinite dimensional representation a system of approximating finite dimensional representations. In the twisted case it is not restrictive to start with a microcanonical ensemble that, though is

– 20 – infinite dimensional because of the central extension due to the non-trivial commutator:

[Γ_u, Γ_ū] = θ^{−1}1 (4.21)

has finite rank residues at the punctures. This implies that the monodromies at the punctures are a direct sum of finite dimensional matrices and a multiple of identity. The representation obtained projecting away the multiple of identity part is the desired approximating system (finite dimensional approximations of infinite dimensional representations of the fundamental group have been previously considered in [63] in the framework of non-commutative Riemann surfaces and in the context of [59]). To be explicit the master algebra is the algebra generated by an inductive sequence of finite dimensional group algebras of representations of the fundamental group, where the inductive embedding is with respect to a partial order on the growing divisor, D, and on the increasing rank, N, of the local system. Thus we get in the quenched case:

Ψ(a)Ψ(b)Ψ(a)^{−1}Ψ(b)^{−1} ∏ p Ψ (D_p) = 1 , (4.22)

where the product is over the monodromies around the punctures and a and b are the cycles of the torus T^2. We assume translational invariance, that means that the monodromy around the punctures are constant up to a possible conjugacy transformation by means of the operator of translations of the quenched theory. In the twisted case the representation is projective and the constant monodromies may be conjugated either by the translation operator or by another twist operator:

Ψ(a)Ψ(b)Ψ(a)^{−1}Ψ(b)^{−1} ∏ p Ψ(D_p) = exp ( icV^{(2)} ) 1 , (4.23)

where V^{(2)} is the area of our space-time torus. The next version of the derivation of the effective action from the loop equations is based on the fact that for U(N) bundles, that we have in any case to introduce because of the occurrence of the central extension in the master equation, we can realize explicitly the R^2 symmetry as a global symmetry, even for the de Rham systems. In fact what really matters to generate the Cauchy kernel in the loop equations is the relation:

¯∂b − iμ^′ = 0 (4.24)

that follows from eq. (3.7) in the gauge b̄ = 0. Eq. (4.24) holds under slightly weaker conditions than b̄ = 0, that allow us to keep explicitly a residual R^2 global symmetry. For the Lie algebra u(N) we decompose the connections B and b into their semi-simple and central parts: B = B^s + B^c, b = b^s + b^c. Our gauge fixing is now:

∂b̄^c = 0 b̄^s = 0 . (4.25)

This gauge fixing admits the residual global symmetry b → b + ip_zdz, b̄ → b̄ − ip_{z̄}dz̄ maintaining at the same time the validity of eq. (4.24). If this symmetry is unbroken, then

– 21 – the expectation value of the trace of open b loops vanishes because of the equation: ⟨Ψ(x, y; b^c)⟩ = exp(ip(x − y))⟨Ψ(x, y; b^c)⟩ . (4.26) We get: 0 = ∫ d^2pDμ^′Dμ̄^′ Tr δ δμ^′(w) (exp(−Γ)Ψ(x, x; b)) , (4.27)

where we have inserted the integration over the zero mode d^2p. In the same vein as before we obtain: 0 = ∫ d^2pDμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ^′(w) Ψ(x, x; b) ) +

+ ∫ C(x,x) dy_z ¯∂^{−1}(w − y) Tr(λ^aΨ(x, y; b)λ^aΨ(y, x; b)) )

= ∫ d^2pDμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ^′(w) Ψ(x, x; b) ) +

+ ∫ C(x,x) dy_z ¯∂^{−1}(w−y) Tr(Ψ(x, y; b)) Tr(Ψ(y, x; b)) ) . (4.28)

Then the master equation follows as before. Several observations are in order.

An important feature of our regularized master equation is that it depends implicitly on the conformal diffeomorphism that maps the interior of the loop into the upper half plane. This is a direct consequence of our choice of regularising the quantum contribution to loop equations in a universal way. Indeed the local field for which the loop equations can be reduced to the master equation is the field μ_t¯_t that transforms as a (1, 1) form under conformal diffeomorphism. Instead μ_{zz̄} is the field that occurs in the classical action, where (z, z̄) are the global coordinates on the torus. The existence of this conformal mapping plays a key role when we introduce a lattice divisor, D, to get an explicit realization of our Hitchin system, actually the only one possible if we require a Hausdorff moduli space. In this case μ is a collective field given, according to section 3 and appendix B, by:

μ^0 = ∑ p μ^0_pδ^{(2)}(x − x_p) n = ∑ p n_pδ^{(2)}(x − x_p)

n̄ = ∑ p n̄_pδ^{(2)}(x − x_p) . (4.29)

Thus μ_p is a “lattice (or adelic) field of residues”. As a consequence we need a more sophisticated version of the uniformization map. In this case we ought to map conformally the interior of the loop minus the internal punctures of the lattice divisor into a punctured disk or into a fundamental region in the upper half-plane. In this case the image of the punctures in the upper half plane are cusps touching the real axis. The loop equations in

– 22 – terms of the “lattice field of residues” are thus: 0 = ∫ ∏ q Dμ^′_qDμ̄_q^′ exp(−Γ) ( Tr ( δΓ δμ_p Ψ(x_p, x_p; B) ) + (4.30)

+ ∫ C(x_p,x_p) dy_z ¯∂^{−1}(x_p −y) Tr(Ψ(x_p, y; B)) Tr(Ψ(y, x_p; B)) ) . The cusp singularity at the point x_p introduces one more sign ambiguity for the central term in the effective action. In the lattice field version of our loop equations, represented by eq. (4.30), we must take by necessity the base-point of the loop at a puncture, otherwise we get a trivial result. This may seem unnatural from the point of view of the uniformization map, but somehow surprisingly this is precisely the presentation that occurs in Penner [64] definition of the Teichmuller space of bordered surfaces, whose moduli involve an arbitrary choice of a point on the boundary, that is then projected to infinity to become a cusp on the boundary of the upper-half plane. In appendix C we will see how the existence of the conformal diffeomorphism involved in the derivation of our master equation for the field of residues seems to be crucial to get the correct area law for the Wilson loop in two dimensions by the Hitchin systems.

In a sense we may consider the effective action as the image of a “holographic” map from the boundary, i.e. the loops, to the bulk, i.e. the torus T^2, the space-time of the quenched theory. From this point of view the HF property of the master algebra is related to how much entropy is encoded into the boundary. For self-avoiding loops we have a HF effective action, while for arbitrary self-intersection of the boundary we may need a non-HF algebra.

The preceding derivation of the master equation from the loop equations literally allows us to employ the master field B, that is the solution of eq. (4.30), only to compute the corresponding Wilson loop lim_N N^{−1} Tr Ψ(x, x; B). However the quantity that has most physical interest is rather lim_N N^{−1} Tr Ψ(x, x; A), i.e. the trace of the unitary monodromy. This quantity can be computed via a limiting procedure taking advantage of the existence of the following κ action (ψ → κψ) on the Hitchin bundles [5] (see appendix B). After some obvious rescaling in the defining equations of our microcanonical ensemble we get a κ dependent effective action appropriate for the study of the monodromy of the operator B^κ = A + i(κψ + κ̄ψ̄) = A^κ + iΨ^κ: Z = ∫ δ ( F_Bκ − μ − θ^{−1}|κ|^21 ) δ(d^∗_Aκ Ψ^κ − ν) exp(−S_{T W} )DB D(μ, ν) D(μ^′, μ̄^′) Dμ^′Dμ̄^′ = ∫ exp(−Γ^κ)Dμ^′Dμ̄^′ . (4.31)

After that the monodromy of A is recovered in the limit κ → 0. This poses the interesting problem as to whether there exist solutions for A and Ψ that are κ independent, as it would be required by the spirit if not the letter of the master field philosophy, and more generally euclidean (or Lorentz) covariant, in the sense that the euclidean or Lorentz group are embedded into the (global) gauge group [10]. As far as κ-independence is concerned it

– 23 – is clear that any κ-independent solution must coincide with a fixed point of the κ action as κ → 0 on the infinite dimensional Hitchin bundles involved. The study of the limit κ → 0 would also furnish the Wilson loop for the A monodromy. We are therefore interested to study the κ action on infinite dimensional Hitchin systems, a case on which we have not much information. However in finite dimensions such fixed points exist and form a lagrangian subspace of the moduli of Hitchin bundles that coincides with those bundles that arise as variations of Hodge structures (see appendix B) [65]–[67]. For such bundles the B monodromy coincides with the A monodromy [65]–[68] (see appendix B). As far as euclidean or Lorentz covariance is concerned, bundles that arise as variations of Hodge structures are associated to embeddings of sl(2, R) into sl(N, C) via the Schmid nilpotent orbit theorem [65]–[67]. It is natural to speculate, taking into account also the peculiar interplay between the euclidean and Minkowski version of the master equation, that such embeddings may be related to embeddings of the Lorentz group into the gauge group. In addition we observe that a necessary condition for euclidean or Lorentz covariance is given by the vanishing in the large-N limit of the central extension in the microcanonical ensemble for the master field. Indeed any central element can only transform as a scalar under euclidean or Lorentz transformations, if these are to be embedded into the gauge group, while this contradicts the nature of the defining equations of the microcanonical ensemble, that transform as a anti-selfdual tensor in our four dimensional interpretation. We have already seen that the effective action develops a central term as result of the quantum contribution. However this term must be an artifact due to the “chirality” of our change of variables. Therefore it must be cancelled by the contribution of an “anomalous” jacobian of the change of variables in the bulk. In the next section we will see that Γ contains a counter-term that cancels the quantum contribution provided a suitable finite rescaling of the conformal factor in the metric is made (indeed the “anomalous” jacobian depends on the conformal factor of the metric, once the complex structure is fixed, while the quantum contribution to the effective action, being a residue, does not.)

5. The effective action of large-N QCD_4 and of its N = 1 extension

We are now ready to look at the effective action for Hitchin systems in some detail. It easy to see that the effective action, as it would be computed from the loop equations without gauge fixing, is the sum of the classical (quenched or twisted) Yang-Mills action plus the logarithm of a number of determinants whose origin is the following one.

First of all there are the determinants that arise from the localisation integral on the microcanonical ensemble, i.e. from integrating the delta functionals in eq. (3.8) and (3.11) over the space of connections:

Det^′(d_B ∧)^{−1} Det^′(Re d^∗_B )^{−1} Det^′(p^∗ω) . (5.1)

The first two determinants arise from integrating over the tangent space to the Hitchin equations. The third one is the pull back, on the moduli that are not local moduli, of the symplectic form on the space of connections. According to the formulas on the dimension of the moduli space in appendix B, there are not such non-local moduli on a torus or on

– 24 – a sphere, once the local moduli fields are fixed, while there are on Riemann surfaces of higher genus. Therefore for the quenched or twisted theory on a torus the third factor is absent. The^′ suffix refers to the need of projecting away from the determinants the zero modes due to gauge invariance, since gauge-fixing is not implied in the loop equations, though it may be understood if we like to. Finally there is the determinant that arises as the jacobian of the change of variables from the local moduli fields of the Hitchin system to the corresponding holomorphic de Rham local system:

Det^′ D(μ, ν) D(μ^′, μ̄^′) . (5.2)

At formal level and without an explicit gauge fixing, the effective action, Γ, reads:

Γ = S_{YM} − log Det^′(d_B ∧) − log Det^′(Re d^∗_B ) + log Det^′ D(μ, ν) D(μ^′, μ̄^′) , (5.3)

where S_{YM} is the Yang-Mills action of the reduced quenched or twisted theory. The effective action can be given a non-formal meaning introducing a metric, to make sense of the formal determinants, and making a choice of gauge by the Faddeev-Popov procedure, to avoid the zero modes. A convenient choice of gauge is [69]:

d^∗_AδA + iad^∗_ΨδΨ = 0 (5.4)

that coincides with a background euclidean or Lorentz covariant gauge (after analytical continuation to Minkowski space-time). This gauge fixing condition can be written in terms of B as [69]:

Re(d^∗_B δB) = 0 . (5.5)

After introducing this gauge-fixing and the corresponding Faddeev-Popov determinant, the localisation integral over the microcanonical ensemble gives us:

Det(−Δ_1(B))^{−1/2} Det(− Re Δ_B )^{−1/2} Det(− Im Δ_B )^{−1/2} Det(− Re Δ_B)^{−1} , (5.6)

where Δ_B is the scalar laplacian and Δ_1(B) is the operator:

Δ_1(B) = d^∗_B d_B ∧ (5.7)

acting on one-forms and restricted to d^∗_B δB = 0. The operator −Δ_1(B) arises from interpreting ∫ DBδ(F_B − μ) as: lim_{ϵ→0} ∫ DB exp ( − 1 ϵ Tr((F_B − μ)(F_B − μ)^∗) ) (5.8)

with the constraint d^∗_B δB = 0. The last determinant in eq. (5.6) is the Faddev-Popov determinant. The last three factors in eq. (5.6) cancel together. The effective action is thus:

Γ = S_{YM} − 1 2 log Det(−Δ_1(B)) + log Det D(μ, ν) D(μ^′, μ̄^′) . (5.9)

– 25 –

The first determinant, that we obtained from the microcanonical localisation, is essentially a one-loop contribution in a background field. We should notice that it contributes two hermitean polarisations. In fact the connection B is non-hermitean and thus it is determined by four real polarisations, but two of them are killed by the conditions:

Re(d^∗_B δB) = 0 Im(d^∗_B δB) = 0 (5.10)

that come from the gauge-fixing and from the harmonic constraint [69] in the functional integral. However this determinant can be more conveniently defined and computed by means of a manifestly euclidean (or Lorentz) invariant metric and of the representation of the microcanonical ensemble reported at the end of section 3. Though we use now a manifestly euclidean (or Lorentz) invariant notation, there is no problem to interpret the following formulas appropriately for the quenched or for the twisted models. The localisation integral in eq. (3.12) is defined formally as: ∫ DA_μδ(F^−_{μν} − μ^−_{μν} ) = Det^{′−1}(P^−d_A∧) = Det^{′−1/2}(−Δ_1) , (5.11)

where P^− is the projector onto the anti-selfdual part of the field strength. After inserting the gauge-fixing condition and the corresponding Faddeev-Popov determinant it can be defined non-formally as:

Det^{−1/2}(−Δ_1) = lim_{ϵ→0} ∫ DcDA_μ exp ( − 1 ϵ Tr(c^2) ) × × exp ( − 1 ϵ Tr((F^−_{μν} − μ^−_{μν} )^2) ) δ(D_μδA_μ − c)Δ_{F P} . (5.12)

The result for Det^{−1/2}(−Δ_1) is thus:

Det^{−1/2}(−Δ_1) = Det^{−1/2}(−Δ_Aδ_{μν} 1 + iad_F −_{μν} )Δ_{F P} , (5.13)

where F^−_{μν} is the anti-selfdual part of the field strength, given by:

F^−_{μν} = F_{μν} − F^∗_{μν} (5.14)

with: F^∗_{μν} = 1 2 ϵ_{μναβ}F_{αβ} . (5.15) It is a fundamental problem to study the renormalization group properties of the master equation for our effective action, with special regard to the asymptotic freedom [70, 71]. In appendix D we have computed the divergent part of the localisation determinant Det^{−1/2}(−Δ_1) considered as a functional of the anti-selfdual F^−_{μν} or self-dual field

– 26 – strength F^+_{μν} : − 1 2 log Det(−Δ_1) = − 11 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x 1 4 Tr(F^−_{μν} )^2 + + 1 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x 1 4 Tr(F^+_{μν} )^2 = − 12 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x 1 4 Tr(F^−_{μν} )^2 + + 1 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x Tr(F_{μν} )^2 . (5.16)

We should notice that the logarithmic divergence associated to Tr(F^+_{μν} )^2 really occurs in the effective action only if the effective action is regarded as a local functional of F^−_{μν} and F^+_{μν} . Yet in the master equation we should rather consider the effective action as a functional of the moduli fields. Now the components of the tensor F^−_{μν} are certainly a local functional of the moduli fields, since the moduli fields are a linear combination of them, while F^+_{μν} is not, since:

P^−(d_AδA) = δμ^− . (5.17) Because of this non-local character it is not obvious that, once the non-local expression in terms of the moduli fields is inserted in the definition of the localisation determinant, it produces a logarithmic divergence. In any case the master equation reads: δΓ_{eff} δμ(x) = 0 . (5.18)

The left hand side contains, by the definition of the moduli fields μ, a linear combination of: δΓ_{eff} δμ^−_{μν} (x) . (5.19)

Using eq. (5.17) we get ∫ d^4x Tr(F_{μν} )^2 = ∫ d^4x^1_4 Tr(F^−_{μν} )^2 at lowest order in powers of μ^−_{μν} , assuming euclidean (or Lorentz) invariance (of the quenched theory). It follows that, at first order in the expansion in powers of the moduli fields, which by the way coincides at this order with the usual perturbative expansion, the contribution of the self-dual part of the effective action vanishes. The first coefficient of the beta function is thus exactly reproduced at this order by the localisation determinant (for the moment we do not include the contribution of log Det^{D(μ,ν)}_{D(μ′ ,μ̄′)} whose computation we leave for the future): δ δμ(x) ∫ d^4x ( N 2λ 1 4 Tr(F^−_{μν} )^2 − 11 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x 1 4 Tr(F^−_{μν} )^2 ) = 0 . (5.20)

The preceding construction of the effective action of QCD_4 extends easily to the supersymmetric case without scalars. In fact, if only fermions are present in addition to the gauge fields, they can be integrated out, the result being a pfaffian whose logarithm should be added to the effective action. Thus in the N = 1 case, we get for the effective action:

Γ = S_{YM} − 1 2 log Det(−Δ_1(B)) + log Det D(μ, ν) D(μ^′, μ̄^′) + log P f(σ_μD_μ) . (5.21)

– 27 –

We must now give an interpretation of the conformal diffeomorphism, due to the uniformization map, compatible with the four dimensional interpretation of the quenching or twisting procedure. Thus the dependence on the conformal factor in the first determinant of eq. (5.9) will be only through the conformal anomaly, since it is the determinant of a laplacian acting on one-forms in four dimensions (though the laplacian looks two dimensional, we have seen that the missing two dimensional integration is hidden into the definition of the trace and in the definition of Ψ in the twisted theory or into the dimensionful rescaling of the coupling constant and in the quenching prescription for Ψ in the quenched case). The second determinant in eq. (5.9) instead depends explicitly on the conformal factor of the metric since it is the determinant of an operator acting on scalars. One of the features that distinguishes the present approach from the microcanonical localisation, is the contribution from the jacobian of the change of variables from Hitchin bundles to the de Rham systems: Det D(μ, ν) D(μ^′, μ̄^′) = Det^{−1} D(μ^′, μ̄^′) D(μ, ν) = Det^{−1} (_{Dμ}′_{Dμ Dμ}′_{Dν} Dμ̄^′ Dν 0 ) , (5.22)

where to get the zero in eq. (5.22) we used the relations: d^∗_B δB = iδν d_B ∧ δB = δμ . (5.23)

This determinant is in fact an “anomalous” jacobian for the action of the two dimensional complexified gauge group. This is reminiscent of the fact that the analogous jacobian that occurs in the collective field method applied to loop equations arises as an anomaly in the algebra of loop substitutions [72]. More explicitly we can extract from log Det^{D(μ,ν)}_{D(μ′,μ̄′)} a term linear in Tr μ as follows: Det ( Dμ Dμ^′ ) = Det^{−1} ( Dμ^′ Dμ )

= Det^{−1} ( DGμG^{−1} Dμ ) = Det^{−1} ( 1 + [ μ, G^{−1} DG Dμ ]) . (5.24)

We now use the formula:

Det(1 + A) = exp Tr log(1 + A) . (5.25)

Since A in our case is a commutator, in finite dimension the contribution linear in A would vanish. However this is not anymore true in infinite dimensions, that is our case, since the trace includes integration over space-time. We will apply the general theory of regularized determinants to the case that A is a pseudo-differential operator. According to the general theory [73, 74], the definition of regularized determinant employs a generalised noncyclic trace TR_{reg}. The definition of TR_{reg} involves a choice of a positive pseudo-differential operator Q of positive order q.

TR_{reg}(A) = lim_{ϵ→0} Tr(exp(−ϵQ)A) (5.26)

– 28 – or equivalently (the two definitions are related by a Mellin transform):

TR_{reg}(A) = lim_{z→0} Tr(Q^{−z}A) (5.27)

TR_{reg} is a non-cyclic trace, so that, in general, the trace of a commutator does not vanish. The renormalised trace is instead:

TR_{ren}(A) = lim_{z→0} Tr ( Q^{−z}A − 1 zq res(A) ) , (5.28)

where res(A) is the Wodzicki residue of a pseudo-differential operator. It is defined as:

res(A) = 1 (2π)^d ∫ M dx ∫ |p|=1 tra_{−d}(x, p) , (5.29)

where a_{−d}(x, p) is the homogeneous term of order −d in the momenta, in the asymptotic expansion of the matrix valued symbol of A. The Wodzicki residue corresponds to extract the coefficient of the logarithmically divergent term in the symbol expansion of a pseudodifferential operator. Since usually anomalies arise from finite integrals, for anomalies the regularized and renormalised traces coincide. An important formula to compute the regularized trace is: TR_{reg}[A, B] = − 1 q res([log |Q|, A]B) . (5.30)

We are now ready to discuss the contribution of the chiral jacobian Det(^{Dμ}_{Dμ′} ). We anticipated that in the effective action the central term that comes from the residue in the quantum contribution to loop equations must be cancelled by an analogous term from the chiral “anomalous” jacobian, since QCD is non-chiral and there is no central term in the defining classical theory. This anomalous term in the chiral jacobian, that is the trace of the term linear in μ: 1 q res ([ log |Q|, G^{−1} DG Dμ ] μ ) (5.31)

defines a cocycle, that coincides with the Radul cocycle. Now the commutator anomaly for point-wise multiplication vanishes in every dimension but one, where coincides with the (twisted) Radul cocycle. However our commutator involves an operator, G^{−1 DG}_{Dμ} , whose symbol is not a local operator, since the functional derivative of the gauge transformation with respect to μ involves the inverse laplacian. Thus in our case the commutator anomaly does not vanish in dimension two, if we take as Q the two dimensional laplacian, a choice that seems appropriate in the quenched theory. Thus we may compute the u(1) part of our chiral anomaly as follows (for the metric dzdz̄): 1 q res ([ log |Q|, G^{−1} DG Dμ ] μ ) = i 4 res ([ log |∂ ¯∂|, (∂ ¯∂)^{−1} ] μ )

= i 2π ∫ d^2x Tr(μ(x)) . (5.32)

From eq. (5.32) we see that there exists a finite mismatch of a factor of π between the commutator anomaly and the quantum central term in the effective action. However the

– 29 – commutator anomaly depends on the choice of the metric, in particular of the conformal factor of the metric, while the metric and a fortiori its conformal factor do not affect the residue in the quantum term. Therefore we are able to cancel the central term in the effective action in the quenched theory by a conformal rescaling of the metric of a factor of π. It would be interesting to perform the analogous computation in the twisted theory. In four dimensions a finite conformal rescaling of the metric changes the effective action only by finite terms due to the four dimensional conformal anomaly. The same happens in two dimensions through a different mechanism though: since the classical action depends on the conformal scale of the metric, a conformal rescaling is equivalent to a rescaling of the dimensionful coupling constant (see appendix C). To be precise the sign of the commutator anomaly in the euclidean space-time is fixed, while it is not so for the sign of the quantum contribution, so that the cancellation between them can actually occur only modulo integers, but in fact this is all that is needed, since the θ-term in the effective action is defined modulo integers too.

6. Loop equations and the geometric Langlands correspondence

We have seen in the previous section that loop equations admit as solutions inductive limits of (projective) representations of the fundamental group of a punctured torus. In this section we will use the geometric Langlands correspondence in the sense of Beilinson and Drinfeld [26, 27] (and references therein) to interpret the master equation by operator solutions of the loop equations obtained by the quantisation of the Hitchin systems. As we will see the construction that we are referring to is in a certain sense dual to the one of section 4. Because of quantisation, the HF of the ambient algebra of the master field is not preserved a priori, while it is kept quantum integrability. We have seen that the loop equations: 0 = ∫ Dμ^′Dμ̄^′ exp(−Γ) ( Tr ( δΓ δμ(w) Ψ(x, x; B) ) +

+ ∫ C(x,x) dy_z ¯∂^{−1}(w − y) Tr(Ψ(x, y; B)) Tr(Ψ(y, x; B)) ) (6.1)

for self-avoiding loops are implied by the master equation: 0 = δΓ_{eff} δμ(x) . (6.2)

However there is a different way of satisfying the loop equations. We may think that the functional integration in the loop equations defines a generalised trace ⟨Ω || Ω⟩ on the field algebra. Quantisation in presence of constraints, that in our case are Hitchin self-duality equations on a punctured torus, is usually performed in two ways. Either we first quantise the space of connections [35, 36] and then we impose the constraints on the physical states of the theory or we first solve the constraints and then we quantise the reduced theory. In our case we must follow the second alternative because of the localisation over the

– 30 – microcanonical ensemble in the functional integral. It is well known that if the moduli are quantised they are interpreted as differential operators in some representation of the universal enveloping algebra [35, 36, 76] and [28]–[32]. Thus a solution of the loop equations can be found provided we find a trace ⟨Ω || Ω⟩ that satisfies:

0 = ⟨Ω | δΓ δμ̂(w) Ψ(x, x; B̂) | Ω⟩ + + ∫ C(x,x) dy_z ¯∂^{−1}(w − y)⟨Ω | Ψ(x, y; B̂) | Ω⟩⟨Ω | Ψ(y, x; B̂) | Ω⟩ (6.3) for self-avoiding loops, that certainly happens if:

0 = ⟨Ω | δΓ_{eff} δμ̂(x) , (6.4)

where we have introduced the ^ superscript to indicate that moduli are now differential operators on a Hilbert space. This is our new version of the master equation. In principle we could parameterise the state ⟨Ω |, that we are looking for, by means of the spectrum of the hamiltonians Ĥ_i of the quantum Hitchin system (see appendix B), following the technique used in [28] to solve the Bethe ansatz equations for the quantum Hitchin hamiltonians (on a punctured sphere). The basic idea there is to interpret Hitchin hamiltonians as elements of the centre of a Kac-Moody algebra at critical level, in a way that we recall briefly below (the trace property should be checked separately, using perhaps the quasi-conformal structure associated to the critical level [31, 32]). Langlands duality is a “far reaching generalisation of Artin-Hasse theory in number field” [77] that loosely speaking associates to every adelic automorphic representation on a local field a representation of its Galois group. Beilinson and Drinfeld started a program of understanding Langlands duality from a geometrical point of view. From this point of view to the Galois side corresponds a representation of the fundamental group of a Riemann surface, while to the automorphic side correspond certain D-modules on the moduli stack of vector bundles on a Riemann surface. More precisely Beilinson and Drinfeld proved that the spectrum of the set of commuting operators obtained quantising the Hitchin hamiltonians (i.e. the D-modules on the automorphic side) is parameterised by opers with values in the dual Langlands group [26]. To the opers is then associated a representation of the fundamental group via the monodromy representation (this is the Galois side). The D-module associated to the quantisation of Hitchin bundles is in fact a representation of a Kac-Moody algebra of critical level, actually of its centre [28, 31, 32]. It is known that the common eigenstates of the set of Hitchin hamiltonians can be obtained by the Bethe ansatz [28] (see also [76]).

It is also clear that the first variation of the effective action computed at the master field can be considered as an element of the universal enveloping algebra of the global gauge group, because of translational invariance. But the universal enveloping algebra of any Lie group can be embedded into the enveloping algebra of the corresponding Kac-Moody algebra via the constant matrices. Therefore we can add to the Hitchin hamiltonians, i.e. to the centre of the universal enveloping algebra of the Kac-Moody algebra of critical level, just one operator in the universal enveloping algebra and still get a commutative

– 31 – family. We choose to add precisely the first variation of the effective action associated to the quantised Hitchin system. We can then solve the master equation:

0 = ⟨Ω | δΓ_{eff} δμ̂(x) , (6.5)

where ⟨Ω | varies over the family of the common eigenstates of the quantum Hitchin hamiltonians that are parameterised by the moduli of opers for the dual Langlands group:

⟨Ω | λ_i = ⟨Ω | Ĥ_i . (6.6)

Thus we come to the conclusion that while in section 4 the master field was parameterised by the moduli of the representations of the fundamental group with values in the global gauge group, here the vacuum is parameterised by the moduli of representations in the dual Langlands group. It is tempting to identify Langlands duality with ’t Hooft electricmagnetic duality since the U(1) subgroups of the gauge group are mapped into each other by Langlands duality precisely in the same way abelian electric-magnetic duality does. We should mention that there is a natural physical interpretation of this construction in terms of the conjectured existence of the gauge-field/string correspondence [33, 34]. The main difference, apart from the one already mentioned about quantisation, is that if we insist to interpret Hitchin hamiltonians as elements of the centre at critical level, there is no associated conformal vertex algebra, but rather only a quasi-conformal one into which the master field would live inside [31, 32]. We should also mention that the construction of section 4 furnishes, after quantisation, two different representations of the master field, related by a non-unitary similarity transformation. Indeed the master field b in the holomorphic gauge would be an element of a chiral vertex algebra, while the master field B in the unitary gauge would be an element of a non-chiral one. While this does not affect the Wilson loop, because of the required trace property of ⟨Ω || Ω⟩, some nonholomorphic information (i.e. the harmonic metric) is necessary to compute the effective action Γ_{eff} .

7. Conclusions

It is known that the von Neumann algebra generated by the master field of QCD in d dimensions, for d larger or equal to two, or by any equivalent Eguchi-Kawai reduction to any lower dimension, is a sub-algebra of a Cuntz algebra with more than one self-adjoint generator, that is not hyper-finite, i.e. it is not the weak limit of a sequence of finite dimensional matrix algebras. Yet functional techniques have shown that for QCD_2 some special observables, such as self-avoiding Wilson loops, admit a description in terms of a master field that generates a hyper-finite (abelian) von Neumann algebra. We have shown in this paper that for planar self-avoiding Wilson loops, constructed by the connection B = (A_z + κD_u)dz + (A_{z̄} − κ̄D̄_u)dz̄ with κ ≠ 0 in a two dimensional Eguchi-Kawai model equivalent to the large-N limit of QCD_4, the large-N loop equations admit as solution a master monodromy that, assuming existence of the large-N limit, generates a hyper-finite von Neumann algebra. An analogous construction holds for a partially twisted version,

– 32 – i.e. for the equivalent non-commutative gauge theory. In particular the master algebra of the partially quenched or twisted EK model is the limit group algebra of a sequence of (possibly projective) representations (with values in the complexified gauge group) of the fundamental group of an arbitrarily punctured torus. As such it can be related to infinite dimensional Hitchin systems and in fact the loop equations written in terms of the ”adelic field of moduli” of the Hitchin systems: 0 = ∫ ∏ q Dμ^′_qDμ̄_q^′ exp(−Γ) ( Tr ( δΓ δμ_p Ψ(x_p, x_p; B) ) + (7.1)

+ ∫ C(x_p,x_p) dy_z ¯∂^{−1}(x_p −y) Tr(Ψ(x_p, y; B)) Tr(Ψ(y, x_p; B)) )

are shown to be implied, for planar self-avoiding loops, by a master equation that determines the critical set of the following effective action:

Γ_{eff} = S_{YM} − 1 2 log Det(−Δ_1(B)) + log Det D(μ, ν) D(μ^′, μ̄^′) − ϵ(C) i 2 ∫ Tr μd^2x . (7.2)

Remarkably the first determinant in eq. (7.2) can be computed in a manifestly four dimensional euclidean (or Lorentz) invariant way and, once inserted into the master equation, implies the correct value of the one-loop beta function up to terms of higher order in powers of the moduli fields.

There is a dual construction, in the sense of the geometric Langlands correspondence, in which the Hitchin systems are quantised, the moduli are differential operators and the effective action is an element of the enveloping algebra of the global gauge group. Thus the loop equations:

0 = ⟨Ω | δΓ δμ̂(w) Ψ(x, x; B̂) | Ω⟩ + + ∫ C(x,x) dy_z ¯∂^{−1}(w − y)⟨Ω | Ψ(x, y; B̂) | Ω⟩⟨Ω | Ψ(y, x; B̂) | Ω⟩ (7.3) are transformed, for self-avoiding loops, into the condition that the master equation annihilates the vacuum: 0 = ⟨Ω | δΓ_{eff} δμ̂(x) . (7.4)

A possible physical interpretation of this quantised construction is in terms of a quasiconformal (vertex) algebra relative to the conjectured string/gauge-field duality.

A. Von Neumann algebras

In this appendix we follow [41].

A von Neumann algebra is a sub-algebra of the algebra of all bounded operators on a Hilbert space that is closed under the adjoint operation (^∗) and under taking limits in the topology of weak convergence, the weak topology in short. The dual of a von Neumann

– 33 – algebra is the set of all bounded linear functionals over the algebra. It is usually assumed that the Hilbert space over which the algebra acts has a countable basis and that the von Neumann algebra has a separable dual. Von Neumann double commutant theorem asserts that a von Neumann algebra coincides with the commutant of its commutant. The commutant is the set of all bounded operators that commute with all the operators of the algebra. The centre of an algebra is the set of all the operators of the algebra that commute with all operators of the algebra.

A von Neumann algebra is a factor if its centre is trivial, i.e. a multiple of the identity. Every von Neumann algebra decomposes as a direct integral of factors. Two von Neumann algebras are algebraically isomorphic if there exists an invertible linear continuous map that preserves the^∗-algebraic structure. An element of the dual of a von Neumann algebra is usually called a state or a weight on the algebra. It is called positive if it maps positive operators (i.e operators whose spectrum lies in [0,∞[) into the positive numbers. A representation of a von Neumann algebra is a linear *-homomorphism into the algebra of bounded operators on a Hilbert space. Every positive weight, w, on a von Neumann algebra defines a representation of the algebra via the celebrated GNS representation. The GNS representation defines the scalar product on the Hilbert space of the representation as ⟨A | B⟩ = w(A^∗B) and the action of the algebra on the Hilbert space in the obvious way.

The basic result in the classification of von Neumann algebras is the existence of an algebraic invariant of the algebra, the von Neumann dimension function, that associates to every orthogonal projector, P , of the algebra (P = P^∗, P = P^2) a non-negative number. Factors are classified according to the range of values that the dimension function may assume:

• type I: 0, 1, 2, . . . ∞

• type II_1: [0, 1]

• type II_∞: [0, ∞] • type III: 0, ∞ . A von Neumann algebra is called finite if it is finite the range of its dimension function. The theory of von Neumann algebras is a non-commutative far reaching generalisation of the integration theory and spectral theorem to which it reduces in the commutative case. Indeed every commutative von Neumann algebra is algebraically isomorphic to the algebra of all bounded measurable functions L^∞(X, dμ) for some measure space X and thus every weight on a commutative von Neumann algebra is a measure.

One of the most striking features of the von Neumann algebras is the occurrence of a continuous dimension. In fact for type I and type II the dimension function can be identified with the trace (suitably normalised) of an orthogonal projection. Therefore type I and II possess semi-finite traces, while type III has no non-trivial trace. A trace, τ, is an element of the dual of the algebra that satisfies τ(AB) = τ(BA). If it exist it is unique for a factor up to a multiplicative constant.

– 34 –

After years of efforts since their invention by Murray and von Neumann a general structure theorem has been achieved in the classification of the hyper-finite (or amenable or injective) factors with separable dual. A von Neumann algebra is hyper-finite if it is the closure of a sequence of finite dimensional matrix algebras. Though many von Neumann algebras satisfy this property, there are some interesting algebras that do not, as the Cuntz algebra with more than one self-adjoint generator. Here it is the complete list of the hyper-finite factors with separable dual.

• I_n: the algebra of matrices of rank n.

• I_∞: the algebra of all bounded operators on a Hilbert space with countable basis.

• R: the unique hyper-finite factor of type II_1. R has many equivalent realizations:

as the countable tensor product of n × n matrices equipped with the corresponding unique factorized normalised trace; as a tracial representation of the canonical anticommutation relations on an infinite dimensional euclidean space; as a Krieger factor associated to an ergodic transformation with an invariant measure.

• R_{0,1} = R × I_∞: the unique hyper-finite factor of type II_∞.

• III_0: R_W , the Krieger factor associated to an ergodic flow with a quasi-invariant measure.

• III_λ: R_λ with λ ≠ 0, 1, the Powers factors.

• III_1: R_∞ = R_{λ1} ×R_{λ2} with λ_1/λ_2 not rational, the algebra of canonical commutation relations in infinite dimensions.

In particular the Powers construction of hyper-finite factors of all types in terms of pairs: (infinite inductive tensor product of matrix algebras, factorized state over the tensor product), whose type depends on certain conditions about the eigenvalue list of the states, turned out to be fundamental.

We now discuss an application of the algebraic approach to the large-N limit that had some relevance for us in the introduction and in section 3. The simplest example of a hyper-finite master algebra is the one generated by functions of any single self-adjoint operator, that obviously is a commutative one, equipped with an arbitrary tracial state. This may be the algebra of local observables of a one-matrix model or, less trivially, the sub-algebra generated by the master field for a self-avoiding loop of area A in the large N-limit of QCD_2: exp ( i √ A(a + a^∗) ) , (A.1)

where a and a^∗ are elements of the Cuntz algebra. In this commutative case hyper-finiteness follows from the Szego limit theorem for self-adjoint operators, that depends essentially on the fact that abelian C^∗-algebras are type I and thus every trace is uniformly approximately finite dimensional. In fact the interested reader may find in [18] a detailed study of how the approximation properties of traces carry information about (tracial) representation theory of von Neumann algebras.

– 35 –

B. Hitchin systems

Hitchin has studied a non-canonical reduction of the four dimensional self-dual equations:

F_{μν} = (^∗F )_{μν} (B.1)

to two dimensions, requiring that the four dimensional gauge connection be constant along two of the four coordinates [5].

The reduction is non-canonical (i.e. depending explicitly on a choice of the coordinate system) since Hitchin identifies the components of two polarisations of the four-dimensional connection (A_u, A_ū) with the components of a two dimensional one-form (Ψ = ψ + ψ̄ = A_udz + A_ūdz̄), the Higgs field, in order to write the reduced self-duality equations:

F_A − iΨ^2 = 0

¯∂_Aψ = 0

∂_Aψ̄ = 0 (B.2)

as a flat condition for the non-hermitean connection B = A + iΨ:

F_B = 0 (B.3)

plus a harmonic condition:

d^∗_AΨ = 0 (B.4)

for the metric g associated to the one form Ψ [78]:

Ψ = g^{−1}dg . (B.5)

Hence the name of harmonic bundles for the Hitchin systems. The non-canonical nature of the Hitchin reduction matches nicely with the use that we have made of it in the partially quenched or twisted EK models in section 3. Hitchin has interpreted the reduced self-duality equations as the three moment maps of a hyper-Kahler reduction for the hamiltonian action of the local gauge group over the cotangent bundle of unitary connections (here we take the gauge group to be SU(N) or U(N)), labelled by the pairs (A, Ψ). Hitchin equations can be generalised to include coadjoint orbits at points p of a divisor D:

F_A − iΨ^2 = ∑ p μ^0_pδ^{(2)}(x − x_p)

¯∂_Aψ = ∑ p n_pδ^{(2)}(x − x_p)

∂_Aψ̄ = ∑ p n̄_pδ^{(2)}(x − x_p) . (B.6)

It is known that for fixed eigenvalues of the hermitean levels, μ^0_p, the moduli space corresponding to taking the quotient by the action of the local compact gauge group is hyper- Kahler for n_p nilpotent. Alternatively the moduli space is hyper-Kahler for fixed coadjoint orbits, i.e. fixed monodromy around the punctures [69].

– 36 –

From our point of view, including coadjoint orbits on an arbitrary divisor is needed to provide a stratification of the functional integral that be, at the same time, dense in the sense of distributions and arising from geometry. In fact only for a collective field of the form:

μ^0 = ∑ p μ^0_pδ^{(2)}(x − x_p) n = ∑ p n_pδ^{(2)}(x − x_p)

n̄ = ∑ p n̄_pδ^{(2)}(x − x_p) (B.7)

existence of solutions for the microcanonical ensemble of section 4 with a nice (i.e. Hausdorff) moduli space are guaranteed.

The corresponding equation for B now reads:

F_B = μ^0 + n − n̄ (B.8)

together with the harmonic condition:

d^∗_AΨ = n + n̄ = ν . (B.9)

The harmonic bundles defined by the moment map equations, with coadjoint orbits included, are called tame harmonic bundles since in this case the eigenvalues of ψ are multivalued holomorphic functions with poles at most of order one at the divisor of the coadjoint orbits. There are correspondences between tame harmonic bundles and several other objects of algebraic and topological origin [65]–[67]. Some of these correspondences play a fundamental role in this paper because they allow us to give a precise meaning, on the dense set defined by Hitchin systems, to the formal change of variables that occur in the derivation of the master equation of section 5 from the loop equations. One way of understanding the existence of such correspondences comes from the following general result about hyper-Kahler quotients. As we have seen the hyper-Kahler quotient is obtained imposing the three moment maps and taking the quotient by the action of the compact gauge group. In this way we get the moduli space of tame harmonic bundles. However we can choose one of the three complex structures and the associated non-hermitean moment map and take the quotient under the action of the complexification of the local gauge group, getting the same moduli space. From eq. (B.8) it is follows that to a tame harmonic bundle corresponds a flat connection and thus a local system, i.e. a representation of the fundamental group of the surface with a divisor. More precisely a local system is a fibre bundle with locally constant transition function and sections v given by solutions of the equations d_B v = 0 for the flat connection B. The moduli of local systems can be written in terms of the monodromy of the connection B along the generators of the fundamental group of the Riemann surface with a divisor, subjected to the consistency condition:

Ψ(a)Ψ(b)Ψ(a)^{−1}Ψ(b)^{−1} ∏ p Ψ(D_p) = 1 (B.10)

– 37 – after taking the quotient by the action of the global gauge group that acts by conjugation on the monodromies [75]. In addition to the flat connection it is possible to associate a flat holomorphic connection with regular singularities at the punctures:

¯∂b^′ = iμ^′ . (B.11)

This is the holomorphic de Rham local system we refer to in the paper. Taking a reduction with respect to another complex structure we get the Dolbeault moduli space of Higgs bundles defined by:

¯∂_Aψ = n . (B.12)

The Dolbeault moduli do not play any role in section 5 but they will in section 6 when we consider a dual interpretation of the master equation based on the quantisation of Hitchin systems. In particular Hitchin hamiltonians are polynomials in ψ:

H_i = Tr(ψ^i) . (B.13)

For completeness we report a formula for the dimension of the moduli spaces of SU(N) Hitchin bundles on a Riemann surfaces with a divisor and nilpotent residue [79]–[83].

dimN = (2g − 2)(N^2 − 1) + 1 2 ∑ p∈D f_p , (B.14)

where f_p = N^2 − ∑ p m^2_p and m_p the multiplicity of the weights of the parabolic flag at p [82]. We have seen in section 5 that for physical purposes, i.e. for calculating the string tension, it is more convenient to compute the unitary monodromy Ψ(x, x; A) on the master field rather than the B monodromy. We need therefore a way of separating the field A from Ψ in the loop equations. The natural way of doing it is to consider the new connection B^κ = A+i(κψ +κ̄ψ̄) obtained by a suitable rescaling of the field ψ. The A monodromy can then be recovered in principle in the limit κ → 0. We can thus compute the effective action for the microcanonical ensemble appropriate for B^κ and try to solve the master equation in the limit κ → 0. However we can do better. As it has been commented in the main text, it is in the spirit, if not in the letter of the master field idea, that the master field should be a κ independent solution of the master equation up to gauge equivalence. Thus A and Ψ should be fixed points for the κ action up to gauge equivalence. In finite dimensions it is known that such fixed points exist and are precisely those Hitchin bundles that arise as variations of Hodge structures [65]–[68]. In addition for such finite dimensional bundles the monodromy of B^κ is κ independent and coincides with Ψ(x, x; A) at the fixed point [68].

C. Loop equations for QCD_2

In this appendix we study the loop equations for self-avoiding loops in large-N QCD_2 and we compare them with non-abelian localisation.

Localisation was discovered by Duistermaat and Heckmann [38] as a mean to compute exactly certain integrals by the saddle-point method despite they may not be gaussian.

– 38 –

It turned out that what was really involved in such integrals was some sort of cohomology. An infinite dimensional version of DH localisation due to Bismut [39, 40] was employed by Witten [37] for computing exactly the partition function and the cohomology ring of QCD_2.

For the sphere Witten localisation reduces to the saddle-point method. Since it depends on equivariant cohomology, Witten localisation applies to the partition function and to the observables belonging to the cohomology ring, but it does not apply to all the gauge invariant observables of QCD_2. In particular it does not apply to Wilson loops. Nevertheless it turns out that for self-avoiding loops on a large sphere the result derived by large-N functional techniques and the one obtained were to hold localisation are surprisingly similar though they do not agree exactly.

Indeed there is no reason why they should agree exactly since there is no reason why localisation should apply to Wilson loops. Here we use the techniques of section 3 and section 4 to explain where the discrepancy may arise.

We have seen that our methods for loop equations lead to a result similar to localisation, in the sense that they transform loop equations for self-avoiding loops into a saddle-point problem for a certain effective action. Yet our saddle-point problem is in fact defined over a U(1) extension of the original theory, since as a consequence of the loop equations a central extension is present in the master equation. The functional techniques and two dimensional localisation instead would predict that there is no central extension at all. However we observed in the main text that, despite the master equation is a priori defined over a central extension, we should require that the central extension vanishes due to a counter-term in the chiral jacobian of the change of variables, as it actually happens provided we perform a finite conformal rescaling of the metric. In addition we showed that the master equation in our lattice or adelic version depends on the (regularized) value of the derivative^{∂t}_{∂z} (p) of the uniformization map at the base-point p of the loop, identified as a puncture of the bordered punctured surface internal to the loop. For QCD_2 our master equation coincides with the saddle-point equation obtained by localisation, up to the rescaling due to the mentioned derivative of the uniformization map.

Thus it is precisely the existence of the uniformization map the source of the discrepancy between DH localisation in d = 2 and the present approach. Indeed we should remind the reader that the classical action is written in terms of fields living on the space-time manifold with global coordinates (z, z̄), while the functional determinants that arise in the effective action are defined in terms of fields living on the image of the uniformization map, with coordinates (t, t̄). Unfortunately we do not have a detailed information about the uniformization map, that by the way is singular at punctures, so that it must be regularized and suitably interpreted. What we do here is to find the value of^{∂t}_{∂z} (p) that is implied by the exact result obtained by functional methods. We find |^{∂t}_{∂z} (p)|^2 = N_C , where N_C is the number of punctures inside the loop. Localisation would imply instead |^{∂t}_{∂z} (p)|^2 = 1, somehow incorrectly unless the loop contains just one lattice point.

Let us present the detailed computation. For QCD_2 it easy to follow the steps that lead to the master equation for QCD_4. The microcanonical ensemble is described by the

– 39 – equation:

F_A − μ = 0 (C.1)

that is the moment map at level μ for the hamiltonian action of the local gauge group with respect to the symplectic structure: ω = ∫ d^2x Tr(δA_z ∧ δA_{z̄} ) . (C.2)

Alternatively eq. (C.1) is the zero level condition for the gauge action on the gauge connection and the coadjoint orbits. Inserting the resolution of the identity: 1 = ∫ δ(F_A − μ)Dμ (C.3) into the functional integral: 0 = ∫ DADμ exp ( − N 2λ ∫ Tr F^2_Ad^2x ) δ(F_A − μ) (C.4)

and changing variables in the functional integral from the moduli field μ of the unitary connections to the moduli μ^′ of the corresponding holomorphic local systems:

¯∂A^′_z − iμ^′ = 0 (C.5)

we get the effective action Γ for the moduli field μ^′: 0 = ∫ Dμ^′ exp(−Γ) , (C.6)

where Γ is given by: Γ = N 2λ ∫ Tr F^2_Ad^2x − log Det^′(d_A∧) + log Det^′ ( Dμ Dμ^′ ) (C.7)

with the first determinant arising from localisation on a given level and the second determinant from the chiral change of variables (we assume that we are on a sphere or on a torus so that there are no non-local moduli). Here the label^′ for the functional determinants means that the zero modes coming from gauge invariance must be projected away. Then, as in section 4, the loop equations follow in the form: 0 = ∫ Dμ^′ exp(−Γ) ( Tr ( δΓ δμ(w) Ψ(x, x; A) ) +

+ ∫ C(x,x) dy_z ¯∂^{−1}(w − y) Tr(Ψ(x, y; A)) Tr(Ψ(y, x; A)) ) . (C.8)

From which we get the master equation: 0 = δΓ δμ(x) − i 2 Ind_C (x) Tr(1) (C.9)

– 40 –

Γ_{eff} can be computed non-formally by adding the covariant gauge-fixing:

d^∗_AδA = 0 (C.10)

with the corresponding Faddeev-Popov determinant and a choice of the metric:

Γ_{eff} = N 2λ ∫ Tr F^2_Ad^2x − 1 2 log Det(−Δ_A1 + iad_{FA} ) + 1 2 log Det(d^∗_Ad_A) +

+ log Det ( Dμ Dμ^′ ) − ϵ(C) i 2 ∫ Tr μd^2x . (C.11)

However for computational purposes it is more convenient a different choice of gauge. If our Riemann surface is a sphere, the Hitchin system lives over a punctured sphere with punctures forming a uniform lattice (i.e. rotational invariant). The universal cover of a punctured sphere is the upper half plane H. Our punctured sphere is then conformally equivalent to a polygon in H with cusps on the x-axis corresponding to the punctures. On H we choose the gauge A_y = 0, that leaves, as a residual gauge symmetry, gauge transformations that are y independent. In the gauge A_y = 0 the determinant due to localisation and the Faddeev-Popov determinant are both field independent and cancel each other. We can use the residual gauge symmetry to fix the gauge μ^{ch} = 0 (the label ch means the non-diagonal part) at the cusps (i.e the punctures) on the x-axis. Then the effective action reduces to:

Γ_{eff} = N 2λa^2 ∑ i ∑ p h^{(t)i2}_p | | | ∂t ∂z (p) | | | 2 + ∑ i≠j ∑ p log ( h^{(t)i}_p − h^{(t)j}_p ) +

+ log Det ( Dh^{(t)} Dh^{(t)′} ) − ϵ(C) i 2 ∫ Tr h^{(t)}d^2t , (C.12)

where the^{(z)} and^{(t)} superscript refer to the domain of definition of the lattice field, h_p, and we have set a =^{2π}_Λ , with a the lattice spacing corresponding to the cutoff Λ of the theory, that comes from the product of delta functions at the same point in the classical action. The last two terms in eq. (C.12) cancel each other (modulo 1) (up perhaps to terms of higher order in h^{(t)}) provided the conformal factor in the metric is rescaled by a factor of π (see section 5). The result coming from localisation would be instead: Γ = N 2λa^2 ∑ p h^{(z)i2}_p + ∑ i≠j ∑ p log(h^{(z)i}_p − h^{(z)j}_p ) (C.13)

that is similar up to the mentioned discrepancy in the field definitions. Should we compute the Wilson loop using the master field obtained by Γ rather than Γ_{eff} we would get the wrong result because of the following subtlety. The critical equation for Γ is just the saddlepoint equation for the eigenvalues in the (z, z̄) coordinates. The master equation for Γ_{eff} is the critical equation for the lattice or adelic field of residues in the coordinates defined by the uniformization map, i.e. those labelled by t, after a conformal rescaling of a factor

– 41 – of π to cancel the central term in the effective action. Let us suppose that we compute the Wilson loop according to the naive cohomological localisation:

W (A) = Z^{−1} ∫ exp − N 2λa^2 ∑ p h^{i2}_p − ∑ i≠j ∑ p log ( h^i_p − h^j_p ) ∑ i exp ( i ∑ p h^i_p ) . (C.14)

Assuming translational invariance in the large-N limit we get:

W (A) = Z^{−1} ∫ exp −NN^D 2λa^2 ∑ i h^{i2} − ∑ i≠j N_D log(h^i − h^j ) ∑ i exp ( iN_C h^i ) , (C.15)

where N_D is the number of punctures in our space-time manifold and N_C the number of punctures internal to our loop C. By changing variables to θ^i = N_C h^i we obtain:

W (A) = Z^{−1} ∫ exp − NN^D 2λ(N_C a)^2 ∑ i θ^{i2} − ∑ i≠j N_D log(θ^i − θ^j) ∑ i exp ( iθ^i ) . (C.16)

The corresponding master equation for θ is: N 2λN^2_C a^2 θ^i = ∑ j;j≠i 1 θ^i − θ^j . (C.17)

This equation should be compared with eq. (2.16) that is the correct result obtained by functional methods: N 2λA θ^i = ∑ j;j≠i 1 θ^i − θ^j . (C.18)

Since A = N_C a^2 we see that eq. (C.17) predicts a string tension wrong by a factor of N_C .

In our master equation instead the classical term is rescaled by the factor of |^{∂t}_{∂z} (p)|^2 while the functional determinants in the effective action are not. The master equation derived by Γ_{eff} now reads: N|^{∂t}_{∂z} (p)|^2 2λπa^2 h^{(t)i}_p = ∑ j;j≠i 1 h^{(t)i}_p − h^{(t)j}_p , (C.19)

where we have included the conformal rescaling of a factor of π. The equation for θ^i = N_C h^i_p is then: N|^{∂t}_{∂z} (p)|^2 2πλN_C a^2 θ^i = ∑ j;j≠i N_C θ^i − θ^j (C.20)

that is the correct one provided |^{∂t}_{∂z} (p)|^2 = N_C . We can understand naively why |^{∂t}_{∂z} (p)|^2 should be of order of N_C . Let us recall that our manifold has the topology of a punctured disk, with the boundary of the disk forming the ”large horocycle”, while the punctures are regularized by means of small horocycles around them. Following [64, 84], given a metric on a fatgraph with lengths l_i, there is a unique quadratic differential q such that the residue of √ q at the puncture is l_i, the length of the horocycle around it. We will suppose

– 42 – that this picture extends to the case that the puncture is on the ”large horocycle”. We can identify the differential √ q with^{∂t}_{∂z} (p). After regularization it is of order of^{lp}_a that is proportional to the ratio between the lengths of the ”large” and small horocycles. Its square is proportional to the ratio of the corresponding areas. But this is proportional to the number of punctures N_C inside the “large horocycle”.

D. Asymptotic freedom

In this appendix we compute the divergent part of the localisation determinant. It is convenient to perform the computation in an indirect way, by means of a term by term comparison with the usual one-loop perturbative contribution to the effective action. For this purpose let us recall the one-loop perturbative result that is given by: ∫ DcDA_μ exp ( − N 2λ Tr(c^2) ) exp ( − N 2λ Tr(F^2_{μν} ) ) δ(D_μδA_μ − c)Δ_{F P} = = Det^{−1/2}(−Δ_Aδ_{μν} 1 + 2iad_{Fμν} ) Det(−Δ_A) , (D.1)

where we have inserted the gauge-fixing condition and the corresponding Faddeev- Popov determinant and by an abuse of language we have denoted with A the classical background field in the right hand side of eq. (D.1). The perturbative computation of the one-loop beta function is the result of two contributions that are independent within logarithmic accuracy [57]. The orbital contribution gives rise to diamagnetism and to a positive term in the beta function: log ( Det^{−1/2}(−Δ_Aδ_{μν} 1) Det(−Δ_A) ) = log Det^{−1}(−Δ_A) = 1 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x Tr(F_{μν} )^2 , (D.2)

where it should be noticed the cancellation of two of the four polarisations between the first factor and the Faddev-Popov determinant. The spin contribution gives rise to paramagnetism and to a overwhelming negative term in the beta function [57]: 1 4 Tr ( i2ad_{Fμν} (−Δ_A)^{−1}i2ad_{Fμν} (−Δ_A)^{−1} ) = − 12 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x Tr(F_{μν} )^2 . (D.3)

Hence the complete result is: − 11 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x Tr(F_{μν} )^2 = −β_1 log ( Λ^2 μ^2 ) ∫ d^4x Tr(F_{μν} )^2 . (D.4)

In the case of the localisation determinant we have instead:

Det^{−1/2}(−Δ_1) = lim_{ϵ→0} ∫ DcDA_μ exp ( − 1 ϵ Tr(c^2) ) × × exp ( − 1 ϵ Tr((F^−_{μν} − μ^−_{μν} )^2) ) δ(D_μδA_μ − c)Δ_{F P} , (D.5)

– 43 – where we have inserted the gauge-fixing condition and the corresponding Faddeev-Popov determinant and by an abuse of language we have denoted by A the background field defined by the condition F^−_{μν} − μ^−_{μν} = 0. The result for Det^{−1/2}(−Δ_1) is thus:

Det^{−1/2}(−Δ_1) = Det^{−1/2}(−Δ_Aδ_{μν} 1 + iad_F −_{μν} ) Det(−Δ_A) . (D.6)

The coefficient of the spin contribution in this case is one half of the one in the perturbative case, but the spin term involves the anti-selfdual part of the field strength instead of the field strength itself. The orbital contribution is the same as in the perturbative case. Thus we have for the orbital part: 1 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x Tr(F_{μν} )^2 = 1 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x 1 4 Tr(F^−_{μν} )^2 + + 1 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x 1 4 Tr(F^+_{μν} )^2 , (D.7)

where we have used the decomposition: F_{μν} = 1 2 F^−_{μν} + 1 2 F^+_{μν} . (D.8)

For the spin part we get: 1 4 Tr ( iad_F −_{μν} (−Δ_A)^{−1}iad_F −_{μν} (−Δ_A)^{−1} ) = − 12 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x 1 4 Tr(F^−_{μν} )^2 . (D.9)

We see that the spin part has the correct factor of 2 once it is written in terms of the anti-selfdual part of the field strength, a fact that we could have anticipated from start, to arrive at the final answer: − 11 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x 1 4 Tr(F^−_{μν} )^2 + 1 12 N (2π)^2 log ( Λ^2 μ^2 ) ∫ d^4x 1 4 Tr(F^+_{μν} )^2 (D.10)

that is the one reported is section 5.

References

[1] Yu.M. Makeenko and A.A. Migdal, Exact equation for the loop average in multicolor QCD, Phys. Lett. B 88 (1979) 135.

[2] Yu. Makeenko and A.A. Migdal, Quantum chromodynamics as dynamics of loops, Nucl.

Phys. B 188 (1981) 269.

[3] G. ’t Hooft, A planar diagram theory for strong interactions, Nucl. Phys. B 72 (1974) 461.

[4] N.J. Hitchin, Stable bundles and integrable systems, Duke Math. J. 54 (1987) 91.

[5] N.J. Hitchin, The selfduality equations on a Riemann surface, Proc. London Math. Soc. 55 (1987) 59.

[6] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation and confinement in N = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426 (1994) 19 [hep-th/9407087].

– 44 –

[7] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[8] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[9] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[10] E. Witten, Proc. Nato IAS, Plenum Press, New York 1980.

[11] E. Brezin, C. Itzykson, G. Parisi and J.B. Zuber, Planar diagrams, Commun. Math. Phys. 59 (1978) 35.

[12] V.A. Kazakov and I.K. Kostov, Nonlinear strings in two-dimensional U(∞) gauge theory, Nucl. Phys. B 176 (1980) 199.

[13] M.R. Douglas, Large-N gauge theory: expansions and transitions, Nucl. Phys. 41 (Proc.

Suppl.) (1995) 66 [hep-th/9409098].

[14] R. Gopakumar and D.J. Gross, Mastering the master field, Nucl. Phys. B 451 (1995) 379 [hep-th/9411021].

[15] M.R. Douglas, Stochastic master fields, Phys. Lett. B 344 (1995) 117 [hep-th/9411025]. [16] D.V. Voiculescu, K.J. Dykema and A. Nica, Free random variables, AMS, Providence 1992. [17] D.J. Gross and E. Witten, Possible third order phase transition in the large-N lattice gauge theory, Phys. Rev. D 21 (1980) 446.

[18] N.P. Brown, Tracial invariants, classification and II_1 factor representations of Popa algebras,

math.OA/0111286.

[19] T. Eguchi and H. Kawai, Reduction of dynamical degrees of freedom in the large-N gauge theory, Phys. Rev. Lett. 48 (1982) 1063.

[20] G. Bhanot, U.M. Heller and H. Neuberger, The quenched Eguchi-Kawai model, Phys. Lett. B 113 (1982) 47.

[21] A. Gonzalez-Arroyo and C.P. Korthals Altes, Reduced model for large-N continuum field theories, Phys. Lett. B 131 (1983) 396.

[22] A. Gonzalez-Arroyo and M. Okawa, A twisted model for large-N lattice gauge theory, Phys.

Lett. B 120 (1983) 174.

[23] T. Eguchi and R. Nakayama, Simplification of quenching procedure for large-N spin models, Phys. Lett. B 122 (1983) 59.

[24] G.C. Rossi and M. Testa, Large-N field theories, quenching and the master field, Phys. Lett.

B 125 (1983) 476.

[25] N.J. Hitchin, A. Karlhede, U. Lindström and M. Roček, Hyperkahler metrics and supersymmetry, Commun. Math. Phys. 108 (1987) 535.

[26] A. Beilinson and V. Drinfeld, Quantization of Hitchin’s integrable system and Hecke eigensheaves, Drinfeld home page at Chicago University.

[27] E. Frenkel, Recent advances in the Langlands program, math.AG/0303074.

– 45 –

[28] B. Feigin, E. Frenkel and N. Reshetikhin, Gaudin model, Bethe ansatz and correlation functions at the critical level, Commun. Math. Phys. 166 (1994) 27 [hep-th/9402022].

[29] E. Frenkel, Vertex algebras and algebraic curves, math.QA/0007054. [30] E. Frenkel, Affine algebras, Langlands duality and Bethe ansatz, q-alg/9506003. [31] D. Ben-Zvi and E. Frenkel, Geometric realization of the Segal-Sugawara construction,

math.AG/0301206.

[32] E. Frenkel, Lectures on the Wakimoto modules, opers and the center at critical level,

math.QA/0210029.

[33] A.M. Polyakov, The wall of the cave, Int. J. Mod. Phys. A 14 (1999) 645 [hep-th/9809057]. [34] A.M. Polyakov and V.S. Rychkov, Gauge fields-strings duality and the loop equation, Nucl.

Phys. B 581 (2000) 116 [hep-th/0002106].

[35] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121 (1989) 351.

[36] E. Witten, On holomorphic factorization of WZW and coset models, Commun. Math. Phys.

144 (1992) 189.

[37] E. Witten, Two-dimensional gauge theories revisited, J. Geom. Phys. 9 (1992) 303 [hep-th/9204083].

[38] J. Duistermaat and G. Heckmann, On the variation in the cohomology of the symplectic form of the reduced phase space, Invent. Math. 69 (1982) 259, addendum ibid. 72 (1983) 153.

[39] J.M. Bismut, Index theorem and equivariant cohomology on the loop space, Commun. Math.

Phys. 98 (1985) 213.

[40] J. Bismut, Localization formulas, superconnections, and the index theorem for families, Commun. Math. Phys. 103 (1986) 127.

[41] A. Connes, Non-commutative geometry, Academic Press, New York 1994. [42] Y. Makeenko, Large-N gauge theories, hep-th/0001047.

[43] A.A. Migdal, Multicolor QCD as dual resonance theory, Ann. Phys. (NY) 109 (1977) 365. [44] I. Singer, The master field for two dimensional Yang-Mills theory, lecture at the July 1994 Mathematical Physics Conference in Paris.

[45] O. Haan, Large-N as a thermodynamic limit, Phys. Lett. B 106 (1981) 207. [46] O. Haan, On the structure of planar field theory, Z. Physik C 6 (1980) 345. [47] P. Cvitanovic, P.G. Lauwers and P.N. Scharbach, The planar sector of field theories, Nucl.

Phys. B 203 (1982) 385.

[48] A. Jevicki and B. Sakita, The quantum collective field method and its application to the planar limit, Nucl. Phys. B 165 (1980) 511.

[49] L.G. Yaffe, Large-N limits as classical mechanics, Rev. Mod. Phys. 54 (1982) 407. [50] M.R. Douglas and V.A. Kazakov, Large-N phase transition in continuum QCD in two-dimensions, Phys. Lett. B 319 (1993) 219 [hep-th/9305047].

[51] A. Migdal, Hidden symmetries of large-N QCD, Prog. Theor. Phys. Suppl. 131 (1982) 269 [hep-th/9610126].

– 46 –

[52] A.A. Migdal, Second quantization of the Wilson loop, Nucl. Phys. 41 (Proc. Suppl.) (1995) 151 [hep-th/9411100].

[53] B. Simon, Functional integration and quantum physics, Academic Press, New York 1979. [54] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048].

[55] M. Abou-Zeid and H. Dorn, Dynamics of Wilson observables in non-commutative gauge theory, Phys. Lett. B 504 (2001) 165 [hep-th/0009231].

[56] A. Dhar and Y. Kitazawa, Loop equation and Wilson line correlators in non-commutative gauge theories, Nucl. Phys. B 613 (2001) 105 [hep-th/0104021].

[57] A.M. Polyakov, Gauge fields and strings, Harwood Acad. Publ., Chur 1987. [58] D. Ruelle, Statistical mechanics, Benjamin Inc., London 1969.

[59] M. Bochicchio, The large-N limit of QCD and the collective field of the Hitchin fibration, J.

High Energy Phys. 01 (1999) 006 [hep-th/9810015].

[60] A.S. Schwarz, Instantons and fermions in the field of instanton, Commun. Math. Phys. 64 (1979) 233.

[61] I.Y. Aref’eva and I.V. Volovich, The master field for QCD and q-deformed quantum field theory, Nucl. Phys. B 462 (1996) 600 [hep-th/9510210].

[62] L. Alvarez-Gaumé and J.L.F. Barbon, Morita duality and large-N limits, Nucl. Phys. B 623 (2002) 165 [hep-th/0109176].

[63] G. Bertoldi, J.M. Isidro, M. Matone and P. Pasti, Noncommutative Riemann surfaces,

hep-th/0003131.

[64] R.C. Penner, Decorated Teichmuller theory of bordered surfaces, math.GT/0210326. [65] C. Simpson, The Hodge filtration on nonabelian cohomology, alg-geom/9604005. [66] C. Simpson, Higgs bundles and local systems, Publ. Math. IHES 75 (1992) 5. [67] T. Hausel and M. Thaddeus, Mirror symmetry, Langlands duality and the Hitchin systems,

math.AG/0205236.

[68] J. Jost, J. Li and K. Zuo, Harmonic bundles on quasi-compact Kahler manifolds,

math.AG/0108166.

[69] O. Biquard and P. Bloach, Wild non-abelian Hodge theory on curves, math.DG/0111098. [70] D. Gross and F. Wilczek, Ultraviolet behaviour of non-abelian gauge theories, Phys. Rev. Lett.

30 (1973) 1345.

[71] H.D. Politzer, Reliable perturbative results for strong interactions?, Phys. Rev. Lett. 30 (1973) 1346.

[72] A. Agarwal and S.G. Rajeev, A cohomological interpretation of the Migdal-Makeenko equations, Mod. Phys. Lett. A 17 (2002) 481 [hep-th/0202095].

[73] J. Arnlind and J. Mickelsson, Trace extensions, determinant bundles and gauge group cocycles, Lett. Math. Phys. 62 (2002) 101 [hep-th/0205126].

[74] J. Mickelsson, Wodzicki residue and anomalies of current algebras, hep-th/9404093.

– 47 –

[75] A.Y. Alekseev and A.Z. Malkin, Symplectic structure of the moduli space of flat connection on a Riemann surface, Commun. Math. Phys. 169 (1995) 99 [hep-th/9312004].

[76] A. Gorsky, N. Nekrasov and V. Rubtsov, Hilbert schemes, separated variables and D-branes, Commun. Math. Phys. 222 (2001) 299 [hep-th/9901089].

[77] V.Ginzburg, M. Kapranov and E. Vasserot, Langlands reciprocity for algebraic surfaces,

q-alg/9502013.

[78] E. Aldrovandi and G. Falqui, Geometry of Higgs and Toda fields on Riemann surfaces, J.

Geom. Phys. 17 (1995) 25 [hep-th/9312093]. [79] H. Konno, J. Math. Soc. Japan 45 (1993) 461.

[80] E. Markman, Spectral curves and integrable systems, Compositio mathematica 93 (1994) 255. [81] N. Nekrasov, Holomorphic bundles and many body systems, Commun. Math. Phys. 180 (1996) 587 [hep-th/9503157].

[82] H.U. Boden and K. Yokogawa, Moduli spaces of parabolic Higgs bundles and parabolic K(D) pairs over smooth curves, I, alg-geom/9610014.

[83] R. Donagi and E. Markman, Spectral covers, algebraically completely integrable, hamiltonian systems, and moduli of bundles, alg-geom/9507017.

[84] K. Strebel, Quadratic differentials, Ergebnisse der Math. 3:5, Springer-Verlag, Heidelberg 1984.

– 48 –